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Semiclassical maps: A study of classically forbidden transitions,
sub- h structure, and dynamical localization
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Representing the dynamics of a continuous time molecular system by a symplectic discrete time
map can much reduce the computational time. The question then arises of whether semiclassical
methods can be effectively applied to this reduced description: as in the classical case, the map
should prove to be a much more computationally efficient description of the dynamics. Here we
study the semiclassical propagation of the standard map, or kicked rotor, based on a Herman–Kluk
propagator. This is a very interesting playground to test the feasibility of a semiclassical mapping
approach, since it demonstrates a wealth of quantum and classical dynamical behavior: As the kick
strength increases, the system goes from being very nearly integrable, through mixed phase space,
to chaotic. The map displays phenomena that occur in generic molecular systems, so this study is
also a test of how well semiclassics can describe such phenomena. In particular, we discuss~i!
classically forbidden transport: the significance of branches of the semiclassical integrand in the
complex phase plane must be understood in order for the semiclassics to be meaningful;~ii ! sub-h
structure: in the nearly integrable regime, the semiclassics can be poor due to the presence of islets
of area less than Planck’s constant in phase space;~iii ! dynamical localization: in the chaotic regime,
the classical momentum diffuses, whereas the quantum localizes. Our results show that semiclassics
also localizes, and we can confirm directly the theory that dynamical localization is due largely to
phase interference. ©2000 American Institute of Physics.@S0021-9606~00!31202-8#
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I. INTRODUCTION

Maps have been used for many years to study the
namics of nonlinear systems.1–4 The most famous example i
the Poincare´ surface of section mapping,1 which has proved
to be very valuable in analyzing multidimensional system
one can visualize the full global dynamics on a section
lower dimension. Also, the numerical computations a
much faster, since part of the dynamics is effectively do
analytically in obtaining the map itself. The idea of obtaini
and exploiting a discrete-time map from a continous-ti
Hamilitonian system in chemical systems with multiple-tim
scales has been explored by a number of authors.3 For ex-
ample, for a system coupled to a bath, one could obtain
approximate map based on a time step long compared
the system vibrations but short on the relaxation time sc
In a recent paper,4 it was shown how to obtain a kicke
symplectic map based on perturbation theory from a cont
ous time Hamiltonian, where all the perturbations act inst
taneously at the kick.

Given the many advantages of considering the discr
time mapping approach to the continuous-time system,
are motivated to consider semiclassical propagation in s
systems. As in the classical case, we would expect
discrete-time map requires much less numerical effort
reach the same physical time than its correspond

a!Current address: Department of Chemistry, Rutgers, The State Unive
of New Jersey, Piscataway, New Jersey 08854; electronic m
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continous-time system, since part of the problem is do
analytically.

Semiclassical methods have been a focus of inte
since the birth of quantum mechanics,5 and recently there ha
been a surge of interest in developing semiclassical te
niques to describe complex molecular and chemi
systems.6 The essence of semiclassics is an approximate
mulation of quantum mechanics in terms of only classi
objects and Planck’s constant. Stationary phase evaluatio
Feynman’s path integral for the quantum propagator res
in the form(AreiS/\, where the sum goes over all classic
paths that link the two end points in the propagator. T
phaseS is the appropriate classical action for the path and
weighting r is a classical probability density together wi
any Maslov factors arising from caustics encountered by
path.5 In practice, it is usually much more convenient
transform this to what is now often called an initial-valu
representation:7,8 one trades in the boundary-value ro
search for the classical paths for an integral over all ini
conditions. This has another advantage of being better
haved than the boundary-value propagator because the
havior near caustics can be uniformized. In this paper
present and study a uniformized semiclassical propagato
discrete-time kicked maps, based on a Herman–Kluk
proach.

As a first test of the semiclassical map, in this paper
shall be studying the kicked rotor, or standard map. This
one-dimensional map obtained from a two-degrees of fr
dom system through a Poincare´ surface of section and ha
been studied in great depth2 for two main reasons:~i! be-

ity
il:
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cause of its importance as a first-order approximation t
perturbation of an integrable system around a generic r
nance, and~ii ! because of the range of dynamical behav
~both classical and quantum! the map displays for differen
kick strengths. It is an approximate description of molecu
behavior under periodic perturbations.9 The classical map is
close to integrable for very small kick strengths, islets
stability, and small zones of chaoticity separated by irratio
KAM tori exist for slightly larger values of kick strength
global chaos begins to set in at the critical kick streng
where the last surviving KAM torus breaks into a cantor
and for very large kick strength strong chaos reigns throu
out phase space. This brings us to another motivation of
paper: in this yet one-dimensional problem lies a wealth
very interesting classical and quantum phenomena, wh
moreover, occur in many-dimensional~continuous-time! mo-
lecular systems. In attempting to describe such comp
quantum systems using semiclassics, one would like to h
an idea whether such phenomena can, in principle an
practice, be reasonably described in this approximation.
will consider in particular, classically forbidden transpo
the effect of classical islets of stability of area less th
Planck’s constant, and dynamical localization.

The essential property of interference in obtaining c
rect quantum amplitudes is built into the semiclassical
proximation, and so this approximation describes interf
ence well. A more contentious issue is the description
classically forbidden processes such as tunneling, and t
has been a debate among several works in the literature10–12

as to whether the real trajectories of the semiclassical pro
gator can describe behavior that explores regions of ph
space untouched by the real trajectories. We shall encou
such a situation in Sec. III: after one iteration of the ma
there is some quantum transport to states that are not rea
by the classical distribution. Although this is somewhat d
ferent from the usual concept of tunneling through a barr
it has the same essence of quantum transport into reg
that are classically forbidden. The guiding classical trajec
ries for this behavior are indeed complex ones, and, in g
eral, the branch structure in the complex plane prevents
real trajectories from picking up their contribution. A prop
gator in boundary-value representation, which explicitly
cludes complex trajectories, does a much better job. H
ever, we show how we can push the branch cuts to infin
with a careful choice of an arbitrary parameter in the pro
gator in initial-value representation, and then the integ
over real trajectories is equivalent to one deformed legally
include the relevant complex ones. Our conclusions here
similar to points discussed in recent work;11,12 in contrast to
those cases, we find here a case where we can almost ex
obtain the forbidden transition amplitudes from real trajec
ries in the procedure mentioned above.

Another interesting issue is how semiclassics co
when there is structure in phase space below the scal
Planck’s constanth. h sets a lower limit on the area of clas
sical phase space structures that quantum mechanics ca
solve. The validity of the semiclassical approximation
Feynman’s path integral hinges on the stationary phase
tributions differing in action by more thanh: otherwise the
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
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coalescence of such stationary phase paths makes the s
sum over classical paths mathematically incorrect. The c
sical dynamics on which semiclassics is based, and the q
tum dynamics, are very different. In Sec. IV we explore t
situation where the phase space is very nearly integrable
containing islets of area less thanh, and find indeed that
these islets cause the semiclassical approximation to
worse. This is somewhat related to the blow-up of semicl
sics near caustics; however, unlike that case, there is no
resentation for which the problem of the presence of suh
islets can be uniformized.

Of great interest is the phenomenon of dynami
localization:13 in many classically chaotic systems whe
there is slow diffusion in one variable~slow compared with
the time scales of the other variables!, the quantum dynamics
shows, in dramatic contrast, localization in that variable.
fact, the kicked rotor is the paradigm of this effect, althou
dynamical localization, of course, occurs in real molecu
systems, for example, for systems driven by a laser field
some other periodic perturbation.9 The quantum behavio
follows the classical until the ‘‘break time,’’ or quantizatio
time, which is the time required to resolve all the eigensta
in the wave packet~i.e., the inverse level spacing!. After this
time, the quantum dynamics becomes quasiperiodic, and
diffusion shuts down. The effect can be understood fr
considering when interference effects begin to become
nificant, so we expect that semiclassics should be able
describe dynamical localization. This has been hard to sh
explicitly because of the exponential proliferation of nece
sary trajectories that chaos brings into the semiclassical
culation. There has so far been one study of this,14 where
semiclassical localization is shown for a particularly d
signed caustic-free map, implementing an essentially ex
iterated approximation to the semiclassical propagator
boundary-value representation. Here in Sec. V we attemp
demonstrate semiclassical dynamical localization directly
ing a semiclassical propagator in an initial-value represe
tion for the archetypal kicked rotor and to show that it is d
to interference between the classical terms composing
semiclassical propagator. We can propagate to times l
enough to see the localization setting in, but have not pro
gated for much longer because the calculation takes ex
nentially long.

One iteration of the standard map transforms the can
cally conjugate variables on a cylinder (u,I ) to (u8,I 8),
where

I 85I 1k sinu, u85u1I 8 ~mod 2p!. ~1.1!

Typical phase spaces for the system at various kick stren
are shown in Fig. 1.

One may associate a time-dependent Hamiltonian w
the mapH5I 2/21k cos(u)(nd(t2n). However, this is not a
unique choice: for any 0,h,1, a Hamiltonian whose po
tential term acts first for a fractionh of the period and the
kinetic term for the rest of the period also effects the eq
tions of motion above:
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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H5
1

h
k cosu, 0,t,h

5
I 2

2~12h!
, h,t,1, ~1.2!

where 0<t<1 measures the ‘‘time’’ within the period.

II. SEMICLASSICAL PROPAGATION FOR MAPS

The semiclassical propagator forn iterations of a sym-
plectic kicked map is given by1,5

^u f uUnuu i&5(
cl
A 21

2p i\

]2F1
n

]u i ]u f
eiF 1

n
~u f ,u i !/\2 ipn/2,

~2.1!

whereF1
n is the type-1 generating function15 for n iterations

of the map. The sum goes over all classical trajectories
mapu i to u f in n iterations.F1

n plays the role that the actio
does in the continuous-time case, generating the canon
transformation for the map: the initial and final momentaI i

and I f are I i52]F1
n/]u i , I f5]F1

n/]u f . Just as in the
continuous-time case, the prefactor weighs the classical
jectory according to the classical probability, andn is the
Maslov index, counting the number of caustics encounte
by the trajectory.

The semiclassical propagator has the same form in
representations, with the appropriate change in the gen
ing function, as was shown in the ‘‘semiclassical algebra’’
Miller’s.5 For example, to computêI f uUuI i&, the type-1 gen-
erating function is replaced by the type-4 generating funct
F4(I f ,I i)5F1(u f ,u i)1u i I i2u f I f . We shall refer to semi-
classical propagators of the form~2.1! as boundary-value
Van-Vleck ~or BVV! propagators.

Although it is simple to compute the classical trajec
ries and hence the propagator for one step of the ma
becomes much harder to solve the boundary-value prob
for more than one-step and the number of contributing c
sical trajectories grows exponentially as time evolves fo
chaotic map~largek for the kicked rotor!. Instead, we trans

FIG. 1. Phase spaces for the kicked rotor: ask increases so does the degre
of chaos, and the sizes of the islets of stability shrink.
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
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form to an initial-value representation for the propagator7,8

where we integrate over the phase space of initial conditi
for the trajectories. Moreover, we use a representation
which there are no caustics~in the real phase plane!. This is
the coherent state representation, whose use in semiclas
methods was introduced by Heller.16 Heller’s expansion in
‘‘frozen Gaussians’’ was further developed to give vario
forms of semiclassics in coherent state representation,
haps the most well known of which is the Herman–Klu
propagator.8 In our study we use a Herman–Kluk type o
propagator appropriate to our cylindrical phase space,
we now discuss this.

The Herman–Kluk propagator in Cartesian variables
one dimension gives8

^c f uU~ t !uc i&5E dq0 dp0

2p\
^c f uqt ,pt&

3Cq0p0te
iS~q0 ,p0 ,t !/\^q0 ,p0uc i&. ~2.2!

This was derived8 by inserting the identity in the form of the
~over-!completeness relation in coherent states several ti
in the expression involving~the continuous time version of!
Eq. ~2.1! and then performing integrals by the stationa
phase. It has also been shown to result from performing
stationary phase directly on Feynman’s path integral in
coherent state representation.17 The coherent statesuqc ,pc&
are defined by

^quqc ,pc&5S 2g

p D 1/4

e2g~q2qc!21 ipc~q2qc!/\, ~2.3!

g is the width parameter for the coherent state, which we
free to choose:sq5A^Dq2&51/(2Ag) and sp5A^Dp2&
5\Ag. (q0 ,p0) are initial conditions for the trajectory
which evolves under Hamilton’s equations to (qt ,pt) in time
t andS(q0 ,p0 ,t)5S@qt(q0 ,p0),q0 ,t# is the classical action
along the path. The prefactor

Cq0p0t5A1

2 S ]qt

]q0
1

]pt

]p0
22i\g

]qt

]p0
2

1

2i\g

]pt

]q0
D

involves elements of the stability matrix, which, in contra
to the boundary-value formulation, are in the numera
rather than the denominator. Many interesting issues
problems arise when implementing this prescription for
semiclassical propagator, in particular,~i! convergence prob-
lems for chaotic systems where the integrand grows ex
nentially with time and becomes highly oscillatory;~ii ! how,
and whether these real trajectories can describe classi
forbidden processes, which are, by contrast, associated
complex classical paths. We shall encounter such iss
when studying our discrete-time map, so we will defer un
then a broader discussion of this propagator.

We now describe how we adopt a Herman–Kluk type
propagator for discrete-time maps on a cylinder. We requ
that any allowed wave functions respect the following co
tinuity condition in an angle:

c~u12pm!5c~u!, for an m integer. ~2.4!

This requirement imposes a quantization condition on
canonically conjugate variable,I:
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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^uuI &5
1

A2p
eiI u/\ exists only if I 5 j \, ~2.5!

where j is an integer. Completeness relations in angle a
action states are ( j uI j&^I j u51, where I j5 j \ and
*0

2puu&^uudu51. The correctly periodized coherent stat
centered at (uc ,I c) on the cylinder have angle represen
tion,

^uuuc ,I c&5(
m

^uuuc12pm,I c&` , ~2.6!

5S 2g

p D 1/4

(
m

e2g~u2uc22pm!21 i I c~u2uc22pm!/\,

~2.7!

where^uuuc ,I c&` indicates the usual infinite-space cohere
state. In action representation, they have the form

^I uuc ,I c&5E
0

2p

du^I uu&^uuuc ,I c&

5S 1

2pg D 1/4

e2~ I 2I c!2/~4\2g!2 i I uc /\, ~2.8!

which are defined only forI 5 j \ with j an integer, but the
center momentum of the coherent stateI c can be any rea
number. These coherent states satisfy the~over!-
completeness relation

1

2p\ E
0

2p

duE
2`

`

dIuu,I &^u,I u51, ~2.9!

which is a crucial property in transforming Eq.~2.1! to an
initial-value representation of the Herman–Kluk form. In t
same way that the Herman–Kluk propagator was derived
continuous-time systems on an infinite phase space, we in
the identity in the form of our completeness relations~2.9!.
Although our integrals in angle in the completeness relati
are only over@0, 2p!, the sums in~2.7! can be used to trans
form the integrals to over~2`, `!, making the analysis iden
tical to that in the infinite phase-space case.8 We thus arrive
at a Herman–Kluk type of propagator for a discrete-tim
map on a cylinder:

^c f uUnuc i&5
1

2p\ E
0

2p

du0E
2`

`

dI0^c f uun ,I n&

3Cu0 ,I 0 ,neiF ~u0 ,I 0 ,n!/\^u0 ,I 0uc i&, ~2.10!

where (u0 ,I 0) are the initial conditions for a trajectory tha
maps to (un ,I n) after n iterations. The coherent states a
defined as in Eqs.~2.7! and ~2.8!. The role of the action is
played byF(u0 ,I 0 ,n)5F1

n(un(u0 ,I 0),u0 ,n), where, as be-
fore,F1

n is the type-1 generating function forn iterations, and
may be composed as

F~u0 ,I 0 ,n!5 (
p50

n

F1
1@up11~up ,I p!,up#. ~2.11!

For the kicked rotor~1.1!,

F1
1~up11~up ,I p!,up!5 1

2~ I p1k sinup!22k cosup .
~2.12!
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The prefactor is

Cu0 ,I 0n5A1

2 S ]un

]u0
1

]I n

]I 0
22i\g

]un

]I 0
2

1

2i\g

]I n

]u0
D ,

~2.13!

where we may obtain the monodromy matrix elements b
simple matrix multiply at each iteration:

S dun

du0

dun

dI0

dIn

du0

dIn

dI0

D 5S 11k cosun21 1

k cosun21 1D

3S dun21

du0

dun21

dI0

dIn21

du0

dIn21

dI0

D , ~2.14!

where the first matrix on the right contains the one-s
monodromy matrix elements,dun /dun21 , etc.

Although there are no caustics in this representati
there is the~different! issue of a consistent choice of branc
for the square root. The square rootAz is a double-valued
function on the complex plane; numerical definitions choo
the positive root on the positive real line with a branch c
along the negative real line. Discontinuities arise ifz passes
across the negative real axis. In the continuous-time case
correct choice of branch can be obtained by requiring
square root to be continuous in time. There is no reas
however, for the integrand, nor the branch in the prefactor
vary in a smooth way from one kick to the next in a discre
time map. If we considered the evolution within each tim
step as dictated by integrating Hamilton’s equations fo
Hamiltonian of the form~1.2!, then we effectively revert to
the continuous-time case, and the branch choice would
continuous as a function of the integration time step~pro-
vided, as usual, that the integration time step is sm
enough!. But if we need to numerically track the prefacto
and sign changes with these much smaller time steps,
we lose the numerical advantage that the map provides
discussed in the Introduction, and so one of the main po
of this paper is defeated. In fact, the form of Hamiltoni
~1.2! redeems us: we are able to analytically track the corr
branch of the square root through the time step in the follo
ing way. During the first fraction of the period where th
Hamiltonian is purely potential, the angle and its first deriv
tives remain at their value at the beginning of the perio
Moreover, the momentum and its first derivatives chan
linearly in the timet. This means thatCu0 ,I 0 ,n1t

2 evolves

from its t50 value in the complex plane along a straig
line. One can then simply check if this line crosses the ne
tive real axis in order to determine whether a phase cor
tion to the numerical computation is necessary. This sim
process also holds for the second stage of the evolu
within the period, where the Hamiltonian is purely kineti
the discussion above holds with the roles of momentum
angle reversed. This is a very quick process for each t
step.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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In all our studies we consider transport between mom
tum states:uc f&5uI f&,uc i&5uI i&, since this representatio
turns out to provide the most interesting phenomena.
momentaI f and I i have values of integer3\.

We compare our results with the fully quantum prop
gator, which we obtain in the following way. For one ste
the unitary time evolution operator is

Uqm
1 5e2 i I 2/~2\!e2 ik cosu/\, ~2.15!

where I, u are understood to be operators in this equati
This has the matrix elements

^I f uUqm
1 uI i&5

e2 i I f
2/~2\!

2p E
0

2p

du ei ~u f2u i !/\e2 ik cosu. ~2.16!

We could obtain the matrix element aftern iterations by
matrix multiply, however, it is much faster to do a forwa
and backward fast Fourier transform as follows:13

^I f uUqm
n uI i&5(

j
^I f uUqm

1 uI j&^I j uUqm
n21uI i&

5
e2 i ~ I f

2/2\!

2p (
p

e2 i ~2pp f /N!e2 ik cos~2pp/N!

3(
j

ei ~2pp j /N!^I j uUqm
n21uI i&, ~2.17!

where I f5 f \ and N is the dimension of the Fourier trans
form, which we determine by the number of momentu
states that are likely to be reached in the evolution.

III. ONE ITERATION AND CLASSICALLY FORBIDDEN
TRANSPORT

We begin our study of the discrete-time map semicla
cal propagator~2.10! by considering one iteration of th
map. We shall show that our propagator provides a v
good approximation for classically allowed transitions. T
propagator is not, in general, able to describe well the tr
sitions to classically forbidden states. We show why and h
this problem can be overcome. We point out that these p
lems arise in generic semiclassical methods and our con
sions here hold for general systems and semiclassical pr
gators.

First, let us consider the classical evolution. We sh
take the kick strengthk510 in this section, for definiteness
although the essential conclusions are similar for allk. For
any k, in one iteration the line of initial conditions atI i

becomes curved as a sheared sine function, where the a
tude and degree of shearing depends onk. In the inset in Fig.
2 we have plotted this fork510 for an initial manifold at
I i50. The limits of the classical once-iterated distributi
are atuI f2I i u5k. The main plot shows the square root of t
~classical! probability of the trajectory reaching momentu
I f after one iteration,AP(I f ,I i). This is measured by count
ing the number with an end point in a bin of width 1, ce
tered aroundI f . We have chosen the bin size to coinci
with the value of\51 that we shall use in the quantum an
semiclassical calculations. Notice how the probability gro
as the ‘‘turning point’’ atuI f2I i u5k is approached: this is
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
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similar to the more familiar growth of the classical probab
ity in position space at the turning points in a potential we

The magnitude of the quantum distribution, calculat
through Eq.~2.17! for n51, is plotted as* connected by the
dashed line in Fig. 3. Of course, the probability does n
exist at points between the stars; we have just conne
them for ease of visualization. Notice how this oscillat
around its classical analog in Fig. 2, due to interferen
Notice also the tail of the distribution beyonduI f2I i u5k
510; this classically forbidden transport resembles the t
neling tails of wave functions into classically forbidden r
gions into a barrier, for example. The other plots in th
figure are from semiclassical calculations. All except th
labeled ‘‘bvv’’ are computed from Eq.~2.10! and their label
indicates the width parameterg of the coherent state taken i
the frozen Gaussian expansion. We are free to chooseg in

FIG. 2. The square root of the classical probabilityAP(I f ,I i50), as de-
scribed in the text. The inset shows the classically evolved manifold
phase space.

FIG. 3. The probability amplitudeu^I f uU1uI i50&u, for k510, computed
~–* –! quantum mechanically@Eq. ~2.17!#, and semiclassically@Eq. ~2.10!#,
with the value ofg as indicated in the key. The Van-Vleck propagator~bvv!
~3.3!, analytically continued to complex trajectories is shown as the o
square.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Eq. ~2.10!: it determines the representation that the act
semiclassics is being performed in~e.g.,g50.5 means that
the semiclassical approximation is done in round cohe
states, with equal uncertainty inI andu!. There is practically
exact agreement for all the semiclassical calculations w
the quantum distribution for final actions in the classica
allowed region. However, for mostg, the semiclassica
propagator does not capture the classically forbidden be
ior well at all; yet for others it is almost exact.

The reason why the integral of~2.10! is, in general, poor
in describing the classically forbidden transport lies in
failure to access the complex trajectories that would do
nate the full quantum path integral: these are the station
paths of the quantum path integral for the classically forb
den process. The integral~2.10! is over only real trajectories
and is not, in general, deformable to, nor therefore the sa
as, an integral passing through the complex stationary ph
points: they are hidden behind a branch cut in the comp
phase plane emanating from the zeros of the prefa
Cu0 ,I 0,1 . This point was also raised recently,11 where tunnel-
ing across the Eckart barrier was considered in an init
value representation.

The position of the branch cut depends on the froz
Gaussian widthg: the prefactor for one iteration is

Cu0 ,I 0,15A12 i\g1
k cosu0

2 S 12
1

2i\g D , ~3.1!

which has a branch cut when

cosu0ucut5
4i\g~12 i\g!

k~2i\g21!
. ~3.2!

For very smallg ~momentum-state-like Gaussians! this gives
u0ucut5p/21 i e, wheree is very small, which is very close
to the real-u axis. But for largeg ~angle-state-like Gauss
ians!, u0ucut5p/21 i /e, which is very far from the real axis
Now, the complex stationary phase path that guides the c
sically forbidden transport is determined by where the cl
sical ‘‘action’’ F(u0 ,I 0,1) is stationary and does not depe
on g. For one iteration, this path has initial angle sinu0

5I f /k, where I f is the final momentum in question. Th
means thatg determines the degree to which the station
phase point is hidden behind the branch cut, and there
the effectiveness of the real-phase-space integral in captu
the classically forbidden process. In particular, we expect
our problem that for very largeg the classically forbidden
transport is captured very well, since the branch cuts ret
to infinity. Indeed in Fig. 3, as we turng up from very small,
the probabilities in the classically forbidden region get be
and better until a certaing, at which they match almost ex
actly onto the quantum probabilities and beyond which th
do not change. This is consistent with our analysis ab
with the limiting g being the one at which the branch cut h
passed above the stationary phase point in the complex p
and so no longer prevents the deformation of the reau0

contour to pass through the stationary phase point. No
there is very little difference in the classically allowed r
gion: the choice ofg is truly arbitrary here. This is becaus
the stationary paths here are all real so the branch cut in
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
l

nt

h

v-

i-
ry
-

e
se
x
or

l-

n

s-
-

y
re
ng
r

at

r

y
e

ne

e

he

complex plane does not affect the integral at all, i.e.,
integration contour over the real trajectories is identical
the contour through the stationary phase trajectories. The
some disparity near the momentum caustic, we shall co
back to this point shortly.

We can show explicitly that the classically forbidde
transitions are due to complex classical trajectories by c
sidering the boundary-value Van-Vleck propagator in m
mentum states. This is almost equivalent to theg→0 limit of
the initial-value formulation~2.10!: the difference is that it
includes complex classical trajectories when the expres
is analytically continued. This kind of idea was introduc
into chemical physics in the 1970s,18 where atom–diatom
collisions were discussed: classically forbidden transit
amplitudes were obtained from analytically continued clas
cal trajectories. The BVV momentum–momentum propa
tor is

^I f uU1uI i&5(
cl
A 21

2p i\

]2F4

]I i]I f
eiF 4~ I f ,I i !/\

5A 21

2p i\kA12S I f2I i

k
D 2

3e2 i /\~ I f
2/21~ I f2I i !arcsin@ I f2I i /k# !

3~e2 ik/\A12@ I f2I i /k#2
2 ieik/\A12@ I f2I i /k#2

!,

~3.3!

whereu i5]F4 /]I i ,u f52]F4 /]I f . Graphically, this arises
from the intersections in phase space of a line atI f with the
manifold obtained by one iteration of the map performed
a line at I i . From the inset in Fig. 2, we see there are tw
intersections foruI f2I i u,k, a tangency at the caustics atI f

2I i56k, and no intersections otherwise~since6k is the
limit that the classical distribution in momentum can reach
one iteration of the map!. We can, however, extend the BVV
~3.3! to the classically forbidden region beyondI f2I i56k
by analytically continuing~3.3! to these momenta; this i
equivalent to including the complex trajectories, whi
would give the stationary phase contribution to the path
tegral from which~3.3! was derived. The result is plotted i
Fig. 3 as the open boxes. There is mostly excellent ag
ment with the quantum@and the initial-value semiclassic
equation~2.10!# in the classically allowed region, and th
BVV captures reasonably well the tunneling into the clas
cally forbidden region, overestimating it somewhat. T
BVV fails around the caustic, and blows up to infinity righ
at the caustic. We shall comment on this at the end of
section.

Similar conclusions regarding integrals over real traje
tories and tunneling have been made.11,12 That the initial-
value representation for tunneling is only accurate when
integration contour over real trajectories is deformable t
contour of steepest descent in the complex plane has b
pointed out earlier.11 There, tunneling across an Eckart ba
rier is considered, and it is shown that the integral in t
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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initial-value representation is equivalent to a combination
integrals through both the steepest descent paths thro
roots and through caustics, rather than just through the ro
A complex ~and time-dependent! value of g is considered
there to try to minimize the effects of caustics.

The significance of branch structure in the comp
plane for classically forbidden processes was pointed ou
recent work,12 although in a different context. Tunnelin
through a barrier and above-barrier reflection in the time
energy domains was studied there. The exact numerical F
rier transform of time domain BVV semiclassics to the e
ergy domain was considered and compared with a direct
ergy domain WKB formula. The WKB formula is equivalen
to a stationary phase evaluation of the time domain semic
sics, including complex stationary paths, and does a m
more accurate job than the exact numerical Fourier tra
form, which contains only real paths. This is because
integration contour through stationary phase points is dist
from the real-time integration axis because of a branch cu
the complex-time plane. It was found that if the position
the initial wave packet in the asymptotic region of the pote
tial is brought closer to the barrier, the numerical FT im
proved, although this is a nonphysical effect, since proba
ity amplitudes should not change when in the asympto
region. This was attributed to the stationary phase point c
ing out of hiding behind the branch cut to a certain degree
the initial wave packet is moved in, and so a legal deform
tion of the real-time integral can pick up some of its cont
bution. This is very similar to the situation described in th
section. Here, the analog of the energy domain WKB is
BVV propagator and that of the exact numerical Four
transform is the integral over real initial conditions in th
initial-value propagator. The parameterg has an analogou
effect to the wavepacket’s initial position. However, it is
vital importance to realize that there is a major difference
that the barrier tunneling time-to-energy results should
physical reasons be independent of the initial position in
asymptotic region, whereas in the current situation involv
the initial-value propagator, the parameterg is ours to
choose. In other words, in the barrier tunneling time-
energy problem the branch cuts are set by the physical
rameters in the problem, and there is no ‘‘arbitrary’’ para
eter that we are at liberty to choose in an attempt to push
branch cuts to infinity. In fact, it is the time-domain sem
classics that is missing a tunneling contribution:12 when this
correction is added, the real-time integral to the energy
main is redeemed.

We conclude this section with a discussion about
behavior around the momentum caustics. Recall that
BVV above was poor in describing transitions to states t
are a distance\ away from the caustic, and it blows up t
infinity at the caustic. If we use a noninteger value ofk with
an integer value of\, then the BVV prefactor remains a
ways finite, but for the momentum states that are within\ of
k, the BVV is still poor. For these states, the two contrib
tions to the BVV ~3.3! enclose a fold whose area in pha
space is smaller thanh/2 and this is what causes the BVV t
fail: The stationary phase evaluation of the full path integr
which results in the semiclassical BVV, depends on the c
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
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sical contributions~stationary points! being well separated in
phase space compared to Planck’s constanth. For g not too
small, the initial-value propagator~2.10! does not have this
problem: the semiclassical approximation of Eq.~2.10! is in
a coherent state representation in which there are no cau
on or near the real phase plane. The integral in Eq.~2.10! to
go from coherent states to the initial and final moment
states is done numerically exactly, rather than by the stat
ary phase, and so is not equivalent to the BVV in moment
representation: it is uniformized. It is not surprising that
the coherent state representation in~2.10! is made more and
more momentumlike~small g!, the approximation become
worse near the caustic.

The effect of such a ‘‘sub-h’’ structure in phase space i
discussed more in the next section, where we encounter
ferent examples of more severe consequences: there, s
classics for anyg is poor.

IV. NEAR-INTEGRABLE REGIME: PHASE-SPACE
AREAS BELOW PLANCK’S CONSTANT

Above, we saw that a careful choice of the gauss
width parameter in Eq.~2.10! can overcome the problem
caused by phase-space structure of area less thanh/2 near a
caustic. In this section, however, we discuss situations wh
the ‘‘sub-h’’ problem of semiclassics cannot be conquere
Again, this is a phenomenon that occurs in generic syste
in continuous-time systems and infinite phase spaces als
our conclusions here should hold generally.

It is often assumed that semiclassics works well in in
grable or nearly-integrable systems: in fact, this is not alw
true due to sub-h structure in phase space. The nearly in
grable limit of our map is smallk ~see Fig. 1!, where most of
the invariant tori persist and some break up into small is
with very thin zones of chaoticity around the separatric
~hardly visible in our pictures at very smallk!. For very
smallk, the quantum mechanics is hardly perturbed from
integrablek50 case, and there is very little transport in m
mentum. Yet, for this simple dynamics the semiclassics fa
In Fig. 4, we have plotted fork50.01 and an initial momen-
tum I i50, the semiclassical norm as a function of time co
puted from Eq.~2.10! using g50.5 andg50.05: in both
cases, the drop down from 1 indicates the poorness of
approximation. We defineD as the following expectation
value of the difference of the semiclassical and quantum e
lution operators:

D5^I i u~Uqm2Usc!~Uqm2Usc!
†uI i&

5(
j

u^I j uUqm2UscuI i&u2, ~4.1!

which, for k50.01, is plotted as a function of time in th
lower half of Fig. 4. We have plotted this using both th
unnormalized semiclassics as well as the renormalized s
classics~where the amplitudes are renormalized to sum to!.
In Fig. 5, we plot at certain times the magnitude of the~un-
normalized! wave function forg50.5 andg50.05.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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The classical phase space holds the key to understan
this: at I i50, almost all of the classical trajectories lie o
small islets of stability as in the small oscillations of a pe
dulum ~see Fig. 6!. These islets have area smaller thanh/2:
approximating them as ellipses and calculating the maxim
excursion in momentum to be 2Dk ~from the approximate
zeroth-order HamiltonianH05I 2/21k cosu), gives the
phase-space area of the largest islet as'0.6(h/2). Such is-
lets do not exist quantum mechanically. Yet, the semiclas
is based on classical trajectories that lie on these quan

FIG. 4. The upper figure shows the norm of the semiclassical wave func
for k50.01 as a function of time,g is equal to 0.5~solid line! and 0.05
~dashed line!. The lower figure plotsD ~see the text!: g50.5, renormalized
semiclassics~solid line!, g50.5, unnormalized~long-dashed line!, g
50.05, renormalized semiclassics~short-dashed line!, g50.05, unnormal-
ized ~dotted line!.

FIG. 5. u^I f uUtuI i50&u for k50.01 at the times and values ofg indicated.
The * indicates the typical quantum amplitude that hardly changes as
evolves~see the text!.
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mechanically invisible islets, and this is why the semiclass
fails: the semiclassical contributions differ in action by
amount much smaller thanh.

We note that this is quite different from the situation
fine phase-space structure in chaotic systems,19 which is fur-
ther discussed in the next section. There~and also in the next
section!, the classical phase space has structures very fin
the scale of Planck’s constant that have arisen from the c
sical manifold making large excursions in phase space
folding back near itself so is quite different from the prese
sub-h structure. Semiclassics works well there because
contrast to the present section, typical contributions have
tion differences much larger thanh.

The semiclassics depends on the value of the Gaus
width parameter. Unlike the previous section, there is
value ofg for which the sub-h problem goes away: for anyg,
a significant fraction of the coherent state overlaps w
sub-h islets. The semiclassics based on differentg is differ-
ent, as shown in the figures. Consider Fig. 5. The quan
amplitude stays very near 1 atI i50 and almost 0 elsewher
always ~the deviations being due to classically forbidd
leakage!. That theg50.5 case has considerable transport
statesI f5I i61 can be understood from considering that t
momentum width of the coherent states in the expansio
DI 5\Ag'0.7: because of the sub-h islets, the semiclassica
terms are being added with the incorrect phases determ
by the classical trajectories and do not cancel out where t
ought to. A representation with smaller momentum wid
such as forg50.05 does not have the problem of amplitu
on statesI fÞI i , since no classical trajectories ever rea
these momenta. But, as for anyg, it still gets an incorrect
magnitude onI f5I i . This brings to mind the work on atom–
diatom scattering,18 where the elastic transition was hard
get right when transitions to all other states are highly f
bidden.

As k increases somewhat, so does the size of the is
and the expectation is that the semiclassical approxima
gets better here: since a smaller fraction of the classical
jectories lie on islets of the sub-h area. This is confirmed in
Fig. 7, where we have plottedD for three different values of
k. The plot uses the semiclassics without renormalizi

n

e

FIG. 6. Classical phase space fork50.01. The lower figure zooms in on th
region nearI 50.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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when renormalized the result is similar but, in fact, a lit
worse.

We notice oscillations atk50.5 that are also present i
the norm plotted in Fig. 8. These have period correspond
to the inverse frequency of small oscillations in the subh
islets. The latter can be calculated by a harmonic approxi
tion to the small oscillations of the pendulum Hamiltoni
above:

T52p/v52p/Ak

For k50.5, this givesT'8.8, which agrees with the perio
of oscillations in the plots. This signature of the islets co
firms our belief that the poorness of the semiclassics is du
sub-h islets. The oscillations are due to the interference
their contributions: periodically, the error in the amplitud
decreases and increases as their contributions partially ca
and add, respectively. The harmonic oscillations do not
pear clearly at all values ofk and\: they appear only when a
significant fraction of the sub-h islets are truly harmonic. Fo

FIG. 7. D for k50.1 ~* !, 0.5 ~d!, and 1.0~s!, as a function of time, where
the initial state isuI i50&.

FIG. 8. k50.5: the semiclassical norm~1!, the errorn ~d!, n for the
renormalized semiclassics~dashed line!, andn for \50.5 ~(!.
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
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example, fork50.1, they do not appear for\51 ~Fig. 7!,
but they are certainly present at\50.5, and they have a
period around 20, consistent with the above.

For smaller\, since there are fewer islets that have ar
less thanh/2, we expect the semiclassical approximation
be better. Indeed this is true, as shown in Fig. 8 fork50.5,
for example.

Finally, in Fig. 9 we plotD for an initial state atI i53
and notice that this follows the opposite trend as a funct
of k as for I i50: for very smallk, the semiclassics is exce
lent but gets worse for largerk. The phase spaceI i53 is
essentially free-rotorlike at very smallk, much like the un-
perturbed case. Ask is turned up, the phase space acqui
more structure~see Fig. 1!, breaking up into periodic orbit
chains and small zones of chaos and also invariant tori
cantori. So the initial state overlaps more sub-h structure ask
increases.

As k continues to increase, these structures disinteg
as the phase space becomes more chaotic, and we expec
past a certaink, the semiclassics should again work well,
principle. There are inaccuracies from sub-h areas near pos
sible caustics close to the real phase plane from the e
increasing number of folds in the manifold, but the idea
that these are dominated by the ‘‘good’’ contributions th
have large excursions in action.19 We encounter, however
another problem in that regime: the highly oscillatory int
gral becomes increasingly difficult to converge. Unlike th
section and the previous one, this problem is a pract
problem rather than a fundamental one. We will discu
largek in the next section.

Note that the sub-h structure is not a problem for th
special case of a harmonic system due to the property tha
the islets, including those of area less than Planck’s cons
have the same frequency, so in a sense are dynamic
equivalent and correct. When the action is quadratic the
tionary phase value of the integral leading to the semicla
cal expression is always exact.

One implication of the results in this section is that sem
classical methods cannot be expected to work well near,
example, the critical parameter for the onset of global ch

FIG. 9. n for k50.1 ~* !, 0.5 ~d! and 1.0~s! as a function of time, where
the initial state isuI i53&.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where the classical phase space has intricate structures
as small islets nested around cantori. In fact, we expect s
classics will not give a good description of motion after i
termediate times close to the separatrices in generic n
integrable systems because of this.

V. CHAOTIC REGIME AND DYNAMICAL
LOCALIZATION

In this section we look at a larger value ofk for which
the standard map is globally chaotic. Our aim is to inve
gate how good our semiclassical propagator~2.10! is in cha-
otic phase spaces. As pointed out a few years ago,19 chaos is
not an impediment to the validity of semiclassics, and
shall discuss this further shortly. In particular, we wish
investigate whether our semiclassics can predict dynam
localization: this is when the classical momentum diffus
but the quantum momentum is localized due to interferen
The quantum behavior is in striking contrast to the classi

Dynamical localization was discovered in the 1980s13

where the kicked rotor at largek was studied, and, in contras
to the classical behavior, the energy was found to
bounded at long times. The energy and momentum bec
quasiperiodic in time. In the classical kicked rotor the an
undergoes fast, quasirandom jumps while the momen
slowly diffuses out without bound̂DI 2(t)&5Dt. At short
times the quantum system follows classical diffusive beh
ior. But before^DI 2& gets ‘‘too big,’’ quantum interference
between classical paths becomes important and the sy
begins to localize. In the quantum dynamics,^DI 2& stops
growing and undergoes quasiperiodic behavior in time. I
sense, there is nothing new in the quantum mechanics
this ‘‘break time,’’ or quantization time, which is the invers
level spacing: the system has resolved the finite spect
and already explored all of the eigenstates in the initial w
packet. When the classical diffusion is linear in time w
diffusion constantD, as it is for sufficiently chaotic classica
systems, it is not difficult to show that the localization leng
in momentuml I is l I[ADI 2u* }D/\5k2/2\ and that the
break time istb' l I'k2/2\. The u* indicates the localized
value and we have, in the last step, put in the diffusion c
stant for the kicked rotor at largek. Eigenstates of the ma
are exponentially localized andl I also gives~up to a factor!
the decay factor.

There is a deep connection between dynamical local
tion and Anderson localization: one can map the kicked ro
onto the problem of a quantum particle in a one-dimensio
lattice with random impurities.13 In the lattice problem, if the
site energies are randomly chosen from some fixed distr
tion then it can be proven that all electron eigenstates
exponentially localized around a lattice site, and this effec
called Anderson localization. The quantum transport v
ishes and the quantum particle undergoes quasiperiodic
tion. In chaotic systems such as the kicked rotor, there is
randomness in the Hamiltonian, rather the randomn
emerges out of the dynamics; hence the term ‘‘dynam
localization.’’

Dynamical localization occurs in many atomic and m
lecular systems.9 Perhaps the most well-studied example
that of Rydberg atoms in microwave fields. This is a mem
Downloaded 06 Jun 2003 to 128.6.71.61. Redistribution subject to AIP
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of a class of periodically driven nonlinear oscillators, whe
H5H0(I )1ex sin(vt), in which dynamical localization can
occur. For example, ifH0(I ) is the Morse Hamiltonian, this
can represent multiphoton absorption by molecular vib
tions and dynamical localization can suppress the exten
the resulting ionization and dissociation. Other examples
clude periodically driven Josephson junctions that can
modeled by a periodically driven pendulum; the latter a
models many quantum optical systems, for example, the
flection of an atomic beam passing a standing wave la
field in front of a vibrating mirror. We refer the reader to th
literature and references therein.

It is supposed that quantum interference is enough
explain dynamical localization. Since semiclassics has in
ference built into it, we expect that semiclassics should
able to reproduce this effect. This has been very difficult
test because of the chaos: for example, in the boundary-v
formulation, the exponential proliferation of classical pat
as time evolves makes the semiclassical sum almost im
sible to compute. Progress has been made recently,14 where
an iterated version of semiclassics in a boundary-value
resentation was considered for a particularly designed m
that has no caustics in that representation. The semiclas
for a timeT was computed and longer times were obtain
by iteration. Assuming larger and largerT converges to the
true long-time semiclassics, semiclassical dynamical loc
ization was demonstrated.

In this section, we attempt to show semiclassical d
namical localization directly for the kicked rotor, using th
initial-value representation semiclassical propagator~2.10!.

How well does semiclassics cope in a chaotic ph
space? In the early 1990s,19 semiclassics was shown to b
remarkably accurate in the stadium billiard: although there
an intricate structure in the chaotic classical phase spac
scales much finer thanh, these classical trajectories are we
separated in action. Due to the chaos in our map at largk,
we expect that most neighboring trajectories make large
cursions in phase space, so that contributions to the semi
sical sum enclose areas far greater thanh. This suggests tha
for the chaotic limit of our map, semiclassics should be
good approximation in principle, unlike in the previous se
tion. However, here we have to deal with a different kind
semiclassical devil: the practical computation of the se
classical propagator in the chaotic regime, as we mentio
above. In an initial-value formulation, such as the propaga
~2.10!, this translates into a highly oscillatory and expone
tially increasing integrand: dynamical quantities are high
sensitive to initial conditions and, consequently, so is
phase of the integrand. The monodromy matrix eleme
contained in the prefactor, which measure the divergenc
nearby trajectories, are exponentially increasing. This pr
lem arises generically when applying semiclassics to co
plex systems and the number of trajectories required to c
verge the integrand often becomes prohibitively large. Mu
of the current research effort in semiclassics is in how
handle this problem.6 Unlike the devils in the previous sec
tions, however, this devil is not a devil in principle. To
certain degree it can be tamed by using smooth
techniques20–22that have been developed for this purpose.
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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particular, we shall use a smoothing based on ‘‘cellu
dynamics.’’21

Cellular dynamics smoothing is based on linearization
small cells, and has been shown to work effectively in
number of situations,22,23 obtaining good convergence fo
semiclassical amplitudes with fewer trajectories than wo
otherwise be needed. In particular,22 it has been used on th
Herman–Kluk propagator between coherent states to
Franck–Condon factors. The case here is very similar.
insert the identities Aa/p(m*0

2p du8 exp@2a(u812pm
2u0)

2#51 and Ab/p*2`
` dI8 exp@2b(I82I0)

2#51 into Eq.
~2.10!. The order of integration is switched anda, b are
considered large validating low-order expansions of fu
tions of (u08 ,I 08) in the integrand around (u0 ,I 0) ~lineariza-
tions!. The integral over (u0 ,I 0) becomes Gaussian and th
able to be performed easily. The result for the smooth
propagator then becomes
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If a andb are chosen large enough, the real part of detA is
ensured to remain positive throughout the period and no
rection is needed for the choice of branch of its square r

As time evolves and the manifolds become increasin
convoluted, the cell size for which the linearization is va
shrinks and larger and larger values of the smoothing par
etersa and b are needed. We ensure that our results
converging to the true~infinite a, b limit ! by testing invari-
ance with respect to these large parameters and converg
with the number of trajectories.

We shall takek54, which is not very large, but larg
enough that the classical dynamics exhibits momentum
fusion and quantum dynamical localization. We begin o
initial state atI i53, which lies in a chaotic zone for thi
value ofk ~see Fig. 1!, and we choose the unbiased value
g50.5 for the width of the coherent states in~2.10!. The
integration is performed as a sum on a grid that is eve
spaced inu and the positions of theI abscissas are dete
mined by the weighting provided by the initial state~more
densely spaced nearI i and exponentially less densely farth
out!.

The magnitude of the quantum and semiclassical tra
tion probabilities at certain times are plotted in Fig. 10. F
the largest times at which we have achieved convergence
smallest value of the smoothing parameters that give the
semiclassics isa5b51016. We check that using 1017 does
not alter the result. The value of the valid smoothing para
eter grows with time since nonlinearity develops on sma
and smaller scales. The number of trajectories needed g
exponentially as a function of time as the extent of folding
the manifold does: to get an accurate and converged s
r-
t.
y
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classical amplitude, one needs to sample each fold by at l
a few trajectories. For the largest time we used 4.73108

trajectories. We note here an advantage of the discrete-
map: to propagate this number of trajectories up to the c
responding physical time in continuous time would ta
much more computational time.

The norm of the wave function as a function of time
plotted in Fig. 11. We observe that the semiclassics beco
increasingly nonunitary as time goes on. This suggests
even the renormalized semiclassical approximation beco
worse at longer times: this is supported by the inset, wh
plots D for the renormalized semiclassics.

In Fig. 12 we have plotted the momentum dispersi
(DI )25^(I 2I i)

2&, where I i53 ~the initial momentum! as
time evolves. The classical diffusion constant is about 6.5
this case, measured after the initial transients~which is close
to the theoretical value ofk2/258 valid for largerk!. The
quantum points follow the classical roughly until aboutt
58, when the quantum curve begins to keel over. For m
longer times it oscillates around about 60.t58 is the break
time, and is consistent with the theoretical value. The ren
malized semiclassical dispersion follows the quantum a
classical roughly until this time and then begins to localiz
although somewhat differently from the quantum localiz
tion. We suspect that the discrepancies arise mostly fr
inaccuracies due to caustics near the real phase plane
also hard quantum effects such as tunneling. In our semic
sical formulation, although there are never any caustics
real trajectories, there can be inaccuracies generated
caustics nearby in the complex phase plane, from the ex
nentially increasing folding of the manifold. Unfortunatel
 license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the calculation time~number of trajectories! becomes too
long to achieve convergence for longer times. We susp
the semiclassical approximation gets worse and become
creasingly nonunitary, however, it would still be interesti
to see if it continues to localize.

In the recent study14 described briefly at the beginning o
this section, semiclassical localization was observed, and
in our case, the details were different from the quantu
there the differences were attributed to diffraction and t
neling corrections.

Our results imply that dynamical localization is large
due to interference and not some other quantum effect
fact, we can check this more directly by comparing the
erage slopes of the dispersion lines of the semiclassical
gral and an integral of the same form as~2.10!, but with all
the phases taken out~including phases in the coherent sta
projections and prefactor!, i.e., we integrate themagnitudeof
the integrand. After renormalizing, this is plotted as the op

FIG. 10. u^I f uUnuI i53&u at the times indicated fork54. The quantum is*
connected by dashed lines for ease of visualization, and the semiclass
d.

FIG. 11. The norm of the semiclassical wave function,( j u^I j uUnuI i53&u2

~for k54). The inset showsn using the renormalized semiclassics.
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circles in Fig. 12. Note that only in the limit thath→0 does
this reduce to the classical quantity. In that limit the integ
~2.10!, including phases, reduces to its stationary ph
value, which is equal to the boundary-value formula~2.1!. If
we take the phases out of this latter formula, we would
the classical result; this is not true for the initial value fo
mulation ~2.10!, which is distinct from the boundary-valu
form ~except in the limit that\→0) due to the integration
over initial phase space being done exactly numerica
rather than by the stationary phase. Like the classical,
slope of this line does not show any transition at the bre
time, which is in contrast to the quantum and true semicl
sical: the latter both have a steeper slope~classical-like dif-
fusion! before the break time, where the localization beg
to set in. This indicates that the semiclassical localization
due to phase interference. The slope of the line that fits
quantity obtained from the semiclassics without phases, m
sured after the initial transients, is 3.6. The average slop
the true semiclassics and the quantum, measured betwee
break time and time 14, are around 2.7 and 1.9, respectiv

VI. CONCLUSIONS

In this paper we have presented and studied a semic
sical propagator in initial-value representation for a discre
time map on a cylinder. Discrete-time maps are an effici
way to capture the dynamics of a continuous-time system
this paper we continue the trend in the recent literatur3,4

toward exploring this by investigating semiclassics in suc
setting. Our semiclassical propagator is adapted from H
man and Kluk’s.8

l is

FIG. 12. The momentum diffusion,^(DI )2&, for k54 andI i53. The graphs
are classical~–3–! quantum~–* –!, semiclassical~d!, and the semiclassi-
cal integral without phases~(!. The lines are fits to the average dispersi
measure after the break time~see the text!: the dashed–dotted line~fit for
classical! has slope 6.5, the dotted line~fit for quantum! has slope 1.9, the
long-dashed line~fit for semiclassical! has slope 2.7, and the short-dash
line ~fit for semiclassics with the phases neglected! has slope 3.6.
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We have shown that our semiclassical propagator
provide a good approximation of the quantum dynamics
many situations, and, in situations where it is not good,
have shown why. We have studied the kicked rotor, whi
although a one-dimensional system, displays great comp
ity of behavior and phenomena, which are present in gen
high-dimensional molecular systems: our model is thus a
a test of how well the propagator, and semiclassical meth
in general, can describe such phenomena.

We investigated classically forbidden transport in stud
ing the transitions to states not reached by the classical
tribution in one iteration. Our results confirm some simi
conclusions in recent work11,12 regarding the relevance o
branch cuts in the complex plane in the semiclassical
scription of tunneling. In general, these hide the comp
stationary phase points behind them. In a Herman–K
propagator, there is a free parameterg that can be tuned so t
push the branch cuts away beyond the stationary phase p
Only then can the real trajectories of the semiclassical pro
gator describe classically forbidden processes accurately
performed this explicitly for one iteration of our map. O
course, for a general situation, finding the right paramete
do this is very difficult, and generically, the parameter w
itself be complex.11 The success of real trajectories to d
scribe classically forbidden processes, in principle, relies
an integration through real trajectories being deformable
one through the complex stationary phase point. Here th
was a parameter in the problem that can be chosen at w
achieve this, but this is not always the case.12 This was dis-
cussed in Sec. III.

We studied the effect of islets of stability of area belo
the size of Planck’s constant on the semiclassical propag
in Sec. IV. This can lead to inaccuracies in the semiclass
Quantum mechanics smears the structure, yet semiclass
based on classical trajectories whose dynamics is determ
by them. We first encountered a somewhat benign cas
this in Sec. III: when a caustic in the complex plane is ve
close to the real axis. There, effectively changing the rep
sentation in which the semiclassics is done cures the p
lem. In Sec. IV, we discussed a situation where semiclas
in any representation fails: this is in the presence of suh
islets of stability.

Finally, in Sec. V we considered the phenomenon
dynamical localization that occurs in the chaotic limit of o
map. The classical momentum diffuses without bound wh
the quantum, in contrast, localizes after an initial diffusio
We showed that the semiclassics also begins to localize,
we confirmed that this is due to phase interference betw
the classical trajectories by considering the semiclassica
tegrand neglecting the phases. The semiclassical localiza
does not track the quantum exactly and seems weaker, w
one compares the average slope of the two after the b
time. Moreover, the semiclassics becomes increasingly n
unitary. We suspect that the discrepancies are due to ne
caustics in the complex plane and tunneling corrections.
note that a recent study14 showed this effect for a certai
caustic-free map using an iterated semiclassics, as desc
in the previous section. In this paper we have demonstra
semiclassical dynamical localization for the kicked rotor
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rectly using semiclassics in an initial-value representati
We are able to propagate long enough to see the semicl
cal localization begin to set in but cannot carry out the co
putation for very much longer because of the exponentia
increasing number of trajectories needed to converge
semiclassical integral as time goes on.
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