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ABSTRACT: Exact time-dependent density functionals depend on both the entire
history of the density and the initial wave function. Recently we have shown that the
two effects are entangled by an exact condition that should be useful as a test in
building accurate memory-dependent functionals. Here we consider this condition for
small perturbations and derive an exact relation connecting the exchange-correlation
kernel with initial-state derivatives. We discuss other exact conditions on the initial-
state derivatives which shed some light on the elusive memory-dependence in time-

dependent density functional theory.
102: 000-000, 2005
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1. Introduction

T ime-dependent density functional theory (TD-
DEFT) is becoming increasingly popular for cal-
culating excitation energies, spectra, and frequency-
dependent polarizabilities, of atoms, molecules,
clusters, and solids. Calculations of phenomena in
intense fields, such as high harmonic generation
and photoionization, are beginning to emerge. In
his 1998 Nobel lecture [1], John Pople noted that

Correspondence to: N. T. Maitra; e-mail: nmaitra@

hunter.cuny.edu

International Journal of Quantum Chemistry, Vol 102, 000-000 (2005)

© 2005 Wiley Periodicals, Inc.

density functional theories lead to lower cost and so
a wider range of applicability than conventional
wave function methods; he was, of course, cited for
his development of computational methods in
quantum chemistry, including density functional
theory, for which his co-prizewinner, Walter Kohn,
was recognized [2].

The time-dependent theory is based on the
Runge-Gross theorem [3, 4], which states that, for a
given initial state, there is a one-to-one mapping
between the time-dependent density and the time-
dependent potential that the electrons evolve in.
This allows mapping of the interacting system to a
fictitious system of noninteracting electrons, the
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Kohn-Sham (KS) system, which has the same den-
sity as the interacting problem but is much easier to
solve. The KS electrons evolve in a one-body poten-
tial that is the sum of external, Hartree, and ex-
change-correlation contributions, vg(rt) = v, (rt) +
vy(rt) + vxc(rt). One may extract all properties of
the time-dependent interacting system from the KS
system, once the relevant functionals are known or
well approximated. Although, in principle, the the-
ory is exact, in particular the exchange-correlation
potential vyc[n, ¥y, Pyl(rt) as a functional of the
density, the interacting initial state, and the KS
initial state must in practice be approximated. TD-
DFT has been most widely applied in the linear
response regime [5, 6], giving rise to hundreds of
calculations of excitation energies and oscillator
strengths (see, e.g., Refs. [4, 7] for many references).

Almost all calculations utilize an adiabatic ap-
proximation for the exchange-correlation potential
at time t. For the linear response case, when one
perturbs an initial ground state of density n, the
approximation for the exchange-correlation kernel,
fxclnl@, t', t — t') = Suyc[nl(xt)/dn(r’, t') is com-
pletely local in time—its Fourier transform to the
frequency domain is independent of frequency. (In
linear response there is no initial-state dependence,
since, by the Hohenberg-Kohn theorem [8], an ini-
tial ground state is completely determined by its
density.) The exact exchange-correlation potential
at time f, however, depends on the entire history of
the density n(t') for t' < t as well as on the inter-
acting initial state W(0), and KS initial state ®(0) [9].
In Ref. [10], we showed that these two memory
effects (history dependence and initial-state depen-
dence) are intricately connected and discussed an
exact condition that the exchange-correlation po-
tential must satisfy:

Oxclne, W), P(E)](xt) = vxclno, W(0), PO)](xt) (1)

for t > t', where the subscript on the density indi-
cates the start time, i.e., the density is undefined at
times earlier than the value of the subscript. For t =
t', ny(t) = ny(t). The initial-state arguments on the
left-hand side (lhs) are the wave functions evolved
from ¥(0), ®(0) at time ¢' under the interacting and
KS Hamiltonians, respectively. As discussed in Ref.
[10], this relation interchanges initial-state depen-
dence for history dependence. It can be used as a
challenging test for approximate candidate func-
tionals, as discussed in detail in Ref. [10]. Equation
(1) also suggests how the need for initial-state de-

pendence can be eliminated if an external potential
can be found in which the initial state ¥, evolves
backward in time to a nondegenerate ground state;
one can trade in the initial-state dependence for
dependence along the “pseudo-prehistory” of the
density from this earlier time to the true initial time
(assuming noninteracting v-representability during
the pseudo-prehistory [11]). There are many inter-
esting consequences of this relation for TDDFT,
especially for descriptions of states far from the
ground state [10], as in quantum control problems.

Consider now applying formula (1) in the linear
response regime, where an initial ground state at
t = 0, of density 7(r), is perturbed by a time-depen-
dent potential v, (rt), giving rise to an evolving
density n(rt) = 7(r) + on(rt). The memory formula
then yields an expression for the exchange-correla-
tion kernel entirely in terms of initial-state depen-
dence {Eq. (7) of Ref. [10]}:

E f £ dvg[ny, P, ](xt)

Sd)t’,a(ﬁ) Bd)f’,a(rl)

(.9 [

Ve 11y, Wy I(xt)

- fdxl ' dem S\If,(xl s XN)

(1,9 [7])

"
+cc = fd% J dtifxclit](xry, £ — t)8n(ry, 1),
0
o<t <t, (2)

where the variables x; = (r;, 0;) represent spatial and
spin coordinates, 8¢, , = 8¢, (t') = bu(t') — Pl
represent the deviations at time t' of the spin-
orbitals of the KS Slater determinant away from the
ground-state values, and 8V is similarly the devia-
tion of the interacting state away from its ground
state.

The derivation and meaning of this equation is
subtle, as it involves partial functional derivatives
with respect to the initial state and with respect to
the density: these variables are not completely in-
dependent because, for example, the initial state
determines the initial density as well as its first time
derivative (through the continuity equation), so
care is needed in defining the variations, and what
is held fixed in each functional derivative. In this
article we discuss how to define the derivatives
(Section 2), and give a detailed derivation of the
memory formula for linear response in Section 3. In
Section 4, we discuss other exact relations that the

VOL. 102, NO. 5
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MEMORY FORMULAS FOR PERTURBATIONS IN TDDFT

initial-state derivatives satisfy. In addition to being
exact conditions that are useful in guiding the con-
struction of accurate approximate functionals with
memory, these equations shed some light on the
elusive memory dependence in TDDFT.

2. Functional Variations under Initial
State and Density Changes

General time-dependent functionals at time ¢ de-
pend on the history of the density n(rt’) for all t' <
t, as well as on the initial state W, of the interacting
system, and the initial state of the KS system ®,. Of
particular interest is how the exchange-correlation
potential functional depends on these three ele-
ments. We wish to formulate a description of how
this changes under small perturbations of the initial
states and density evolution.

The bulk of our initial discussion considers, for
simplicity, the KS potential functional, vg[n; ®y](rt),
that determines the evolution of the KS system; it is
straightforward to formally generalize the results to
the interacting case, and these results are stated.
Consider first the simplest situation: the initial state
is a ground state, so, by the Hohenberg—Kohn the-
orem, is itself a functional of its own density. Then,
under a variation of the density that holds the ini-
tial state fixed, we have the usual definition of the
inverse susceptibility,

vyl + dn](rt) = vg[ii](r)
"‘J dt, J dST’le_][ﬁ](l'/ r, t —t)on(r, t). (3)

Here and following, a bar indicates that the wave
function or density is a ground-state one. The sus-
ceptibility xg is a familiar object from linear re-
sponse theory [5], where a small perturbation is
made at time f > 0 to an initial ground state: in this
situation there is no change in the density at the
initial time, nor in its first time derivative at t = 0,
since these are determined completely by the initial
state, which is held fixed.

The first generalization to make is to drop the
restriction on the initial state being a ground state.
Then, still holding the initial state fixed, we write

vg[n + on, ®](rt) = vgn, D](xt)

t
+J dtlfd3rlxsl[n, ®](r, 1y, t — t)dn(ryty), (4)
0

where

dvg[n, ®](rt)
dn(ry, ) - O

@ const

XS_l[n/ (I)](I', 1, f— tl) =

When the initial state is a ground state of density 7,
xsln, @](xr, ', t) reduces to the familiar KS suscep-
tibility of Eq. (3). In this sense, xs[n, ®] is a gener-
alized susceptibility where we are restricted neither
to initial ground states nor to ground-state densi-
ties. We note that this derivative describes changes
in the potential due to density perturbations after
time t = 0; it does not include changes in the
density at the initial time, nor in its first time de-
rivative at t = 0, since these are determined com-
pletely by the fixed initial state.

More generally, we wish to also consider how
the potential changes when the initial state changes.
This will immediately cause a change in the den-
sity: the initial state determines the initial density,
through

n(x0) = 2 |o(r) (6)

a=1

and also its first time derivative, through the equa-
tion of continuity,

i(r0) = —iV+ X (. (0Vi(r) — Gir)Vebe(r)/ 2.

a=1

(7)

The spin-orbitals ¢, are those that make up the
initial KS Slater determinant of the reference state
®. This makes the issue of defining a response
function with respect to the initial state much more
subtle than that with respect to the density: we
cannot, for example, vary the initial state while
holding the density fixed. Moreover, the initial state
affects even higher-order time derivatives of the
density: for example, we cannot vary the initial
state while holding just the second and higher de-
rivatives of the density fixed, because the resulting
density is unphysical, as shown in the Appendix.
The initial state determines the zeroth and first-
order time derivatives of the density uniquely, and
places restrictions on the higher-order time deriva-
tives. These restrictions arise from the requirement
that the resulting evolving density must arise from
evolving the initial state in a well-behaved, one-
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body potential, in a norm-conserving KS equation.
One may attempt to define the partial derivative by
choosing a particular solution to these restrictions,
but it is certainly not a unique choice, nor is it
simple to see if one can be selected on the basis of a
physical reason.

Consider instead an extension of the functionals
to a higher space in which the initial state and
density are independent; the relations Eq. (6) and
(7) are dropped. The true physical space forms a
subspace of this, defined by the physically compat-
ible [n, ®,] pairs where the density n(t) arises from
evolving the initial state ®, in a well-behaved, one-
body potential. Then, one can define partial func-
tional derivatives where either the initial state or
the density is held fixed, while the other variable is
varied. Under a small variation of the initial state
and density, we write

vg[n + on, ®y + 0D (rt) = vy[n, ®,](rt)

t
+ f dt, J Prixs'[n, ®(x, 1y, t — t,)dn(rt,)
0

+ E J’ ds?’lfs,a[”/ ®](x, 1y, )d,(r)) + c.c. (8)

The two response functions, xs [n, ®] and & o,
®], are partial derivatives with respect to the den-
sity and initial state respectively, in the extended
space. This is illustrated in Figure 1.

The initial-state derivative is thus defined as the
change of the KS potential at times t when the initial
state is varied on the extended space, holding the
density variable fixed. The generalized susceptibil-
ity is defined as the change in the KS potential at
time t when the density at time t' > 0 is varied,
holding the initial state fixed. When evaluated on a
physically compatible [n, ®] pair, it reduces to
the generalized susceptibility defined physically
through Eq. (4). [Note that the susceptibility in the
first term on the right-hand side (rhs) of Eq. (8)
generally multiplies variations in the density and
its first time derivative that are nonzero at the initial
time, so we cannot use the definition in Eq. (4) to
associate that term on its own to a physically de-
fined change in potential.]

The discussions above are easily generalized to
the interacting system, where variations of v,,, are
considered instead, and the initial state is the fully
interacting wave function W(x; --- xy). The ana-
logues of Egs. (3), (4), and (8) are

A
n(rt)

) / [n+ Sn, D+5D]
*
Nay—1

o ks

®------ =" ~<— unphysical

& pair
s O

O

O -
O(%; ...1)

FIGURE 1. Cartoon of a general variation of the initial
state and density, in the extended space. Each initial
state gives rise to a class of physical density evolutions
indicated by the circles. The process that gives the
change in KS potential when a small change is made in
the initial state, ® — ® + 8®, and the density evolution
n(t) — n(t) + 8&n(t), can be described by two response
functions, connecting through an unphysical initial-
state-density pair, as described in the text.

Ve 1 + S11](xt) = ve71](xt)

+ J dt, J Brix i, 1y, t — t)dn(rty), (9)

Z)ext[n + 81’1, \P](rt) = vext[nr \I}](rt)

t
i f dt, Jd37’1)(_1[”/ W](r, 1y, t — t)én(rty), (10)
0

and,

Vel + 811; W + 8V](xt) = v o[nn, ¥](xt)

+ fdxl edxndn, W], x - xy, OW(xg - xy)

t

+cc + J dt, J Prix n, W, 1y, t — t)dn(rty).
0

(11)

It is the & ,[1n, @](r, ry, t) and &n, W](r, x; -~ - xp,
t) that correspond to the initial-state derivatives in
Eq. (2). We shall return to this now.
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3. Derivation of Memory Formula in
Linear Response

The memory formula for the KS potential is [10]
vg[ny, ®H)](xt) = vg[ny, PO)|(rt), 0<t' <t (12)

and that for the external potential just replaces vg
with v,,, and the KS initial state ® with the inter-
acting initial state, ¥. We shall show that express-
ing the exchange-correlation kernel [5] as

fXC[ﬁ](r/ I"/ t)

o o 8(t —t')
= X 0l v, 1) = x Tl 0 =

(13)

where 7(r) is a ground-state density, allows us to
obtain Eq. (2): one subtracts variations of the mem-
ory formula for the external potential from that for
the KS potential in the linear response situation.
Being completely local in time, the Hartree kernel
(the third term on the rhs) plays no role for mem-
ory: for example, writing vg = v, + Uy + Uxc ON
either side of Eq. (12), v¢; cancels out on each side of
the formula.

We consider the KS memory formula, Eq. (12),
when we turn on a weak perturbation dvg(rt) at
time t+ = 0 on a ground state, as in the linear
response situation. To first order in the perturba-
tion, the density evolves as ny(t) = n + én(t), with
ny(0) = 7. The memory formula becomes, for this
case,

vy[ny, O )(xt) = vynel(xt), 0<t' <t, (14)

with n,.(t) = ny(f), t = t' and undefined otherwise.
There is no initial-state dependence on the rhs,
thanks to the Hohenberg—Kohn theorem [8], since
we begin at t = 0 in a ground state, ®(0) = ®[71],
with 71 = ny(0). The initial state on the lhs is deter-
mined by ®(t') = Ug(t)P(0) = e F'd, + 5P(t)
where Ug(t) is the unitary time-evolution operator
for the KS system and E,, is the expectation value of
the KS Hamiltonian in the unperturbed KS state.

We expand each side of Eq. (14) about the un-
perturbed ground-state value. The rhs gives the
familiar linear response result:

vg[no](rt) = vg[7](r)

t
+J dtljd37’1)(sl[ﬁ](rr r, t — t))on(r,t;), (15)
0

where xg is the usual dynamic KS susceptibility of
Eq. (2) and én(rt;) = n(ryt;) — #(ry).

The initial state on the lhs of Eq. (14) is not a
ground state. Applying the general formula, Eq. (8),
we get

vs[ny, O(t')](xt) = vi7](x)

+ J’ d3r1 E gs,a[ﬁt'](r/ rlr t - t’)(sd)a(rll t,)
t
+ Jaﬁrlf dtxs '[](x, 1y, t — t)dn(ry, 1) + cc.  (16)
v
Comparing with Eq. (15), we get
"
J dt, f drixs [, vy, £ — £)dn(ry, t)
0

" E f d3r1§S,a[ﬁt’](r/ ry, t— t’)8¢a(r1/ t,) +c.c (17)

for 0 < t' < t. The integral on the lhs contains only
the history of the density up to time t'; this is the
time at which the evolved wave function is input on
the rhs, demonstrating the interchange of the two
memory effects, as in the general formula Eq. (1).

Repeating the calculation for the interacting sys-
tem, where we consider variations of the external
potential, we obtain

y
J dt, J dsrlXil[ﬁ](rr r, t — t)dn(ry, t,)
0

= fdxl o dxn i), xg - xy
—t)8W(x; - - xpn, t') +cc. (18)

for 0 <t' <'t. Finally, using Eq. (13), we subtract Eq.
(18) from Eq. (17), and obtain the result for the
exchange-correlation kernel:
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f dt, f d37’1fxc[7_1](1'/ 1, t — t)dn(ry, t;)
0
= 2 f dSrlgs,a[ﬁf’](r/ ry, t— t/)S(i)a(rl/ t,)

- de1 s dxnEn (e xg e x t

- f')S\I’(xl c xN, t’) + c.c. (19)

for 0 < t' < t. This ends our proof of Eq. (2).

As predicted, the Hartree kernel does not ap-
pear; the time delta-function in Eq. (13) does not
contribute when t' < t. It is, however, instructive to
see what happens if we allow t’' to equal f. The
Hartree kernel then must also be subtracted from
Eq. (17), and yields a new term—| d°r,dn(ry, t)/|r —
r;|—on the rhs of Eq. (19). This is just the Hartree
response potential at time ¢ to a density change
on(rt). The lhs becomes, by definition of the kernel,
just the change in the exchange-correlation poten-
tial when the density is perturbed as én(rt;) for
times 0 < t; < t. Identifying the initial-state deriv-
ative terms in Eq. (19) as dvg(rt) and 8v,,,(rt) respec-
tively, then, at t' = ¢, Eq. (19) simply becomes the
statement vy (rt) = 0vg(rt) — SV (Tt) — Svy(rt).

4. Other Exact Conditions

We now discuss two more examples of initial-
state dependence in the perturbative regime and
their implications for the properties of the initial-
state derivative. The examples lead to exact condi-
tions that it must satisfy.

Consider expressing the difference in two nearby
ground-state potentials. In this case, the change in
the “initial” state is from one ground state ® to
another ® + 8®, while the density change is con-
stant in time, from 7 (corresponding to ®) to n + &n.
(Here and following, a bar indicates that the wave
function or density is a ground-state one.) Usually
the difference in the KS potentials is described by
the static susceptibility, Eq. (20). We first note that
the time integral of the usual KS susceptibility
xslitl(x, 1', t) is the static susceptibility xs[#](r, ') of
ground-state theory, describing the difference in
the ground-state potentials of two slightly different
ground states:

vs[n + n](r) = ve[7](x) + f &rixs [](x, 1) dn(r),
(20)

where

.
e 7y = T =

f e e, B,
1)

Now, using Eq. (8), we obtain an expression in
terms of the initial-state derivatives:

j d°rixs [l(x, 1,)8n(r) = vg[n + dn](r) — od7](r)

= f d3r18n(rl)(f dPry D, & [7](r, 1, 1) 68(1)1?(1-1.2)) + c.c

+J dtixs [l 1, t — 1), (22)

Here we have expressed the variation in the
ground-state orbitals in terms of the variation in the
ground-state density. The time dependence of the
initial-state derivative term & ,[71](r, r’, t) must be
such to cancel that of the integrated dynamic sus-
ceptibility in this case since the lhs is time-indepen-
dent. This example gives an exact condition, Eq.
(22), that the KS initial-state derivative must satisfy.

For the interacting system, the analogous exact
condition is

j drix[1](x, r)én(r,)
= fdxl oo xnd i) xy - xy, HOP(x - - - xy) + Cc
+ derl f dt,x [al(r, 1y, t — t)én(r). (23)

Equations (22) and (23) express the static suscepti-
bility of ground-state theory in terms of initial-state
dependence and the dynamic susceptibility: they
are exact conditions that the initial-state derivatives

VOL. 102, NO. 5



| tapraid5/zqz-qua/zqz-qua/zqz01105/2q21361-05a | franklim | S=8 | 12/28/04 [ 11:30 | Art: QUA-2004-0093 | Input-yyy(mek) |

MEMORY FORMULAS FOR PERTURBATIONS IN TDDFT

must satisfy. Noting that the lhs is time-indepen-
dent, the time dependence of the initial-state deriv-
ative around a ground state must be such to exactly
cancel out the time dependence of the time-inte-
grated dynamic susceptibility. At t = 0 the potential
difference, interpreted as being due to a sudden
shift in the ground state, is given entirely by initial-
state dependence:

vg[n + dn](r) — vel7l(r) = J &rixs '[7(x, 1) dn(ry)

= J d%r,én(r,) zfd%fs,a[ﬁ]

Sf_ba[ﬁ](rz) te

X (1, 1,5, 0) 57i(r,)

(24)

On the other hand, in the limit that + — o, the
initial-state derivative term must vanish. Using Eq.
(21), we see that in the limit that + — oo, the entire
potential difference in Eq. (22) [or Eq. (23)] becomes
a history effect. So

8¢ [71](x,
f d31’18n(r1) E fs,a[ﬁ](rr 1 t =) 4)87752]1()1') Y

a

(25)

[Equations (24) and (25) are given for the KS sys-
tem, but it is simple to see how they generalize to
the interacting one.]

The equations [Egs. (22), (23), (24), and (25)] tell
us exactly what the initial-state derivative around a
ground state must satisfy in terms of the static and
dynamic susceptibilities, for the KS system [Eq.
(22)] and the interacting one [Eq. (23)]. They display
the entanglement of history dependence and initial-
state dependence clearly, since the same ground-
state potential can be expressed either completely
as an initial-state perturbation, a history depen-
dence, or as a mixture of the two.

The vanishing of the initial-state derivative term
in the limit that t — o« is not generally true: for
example, when the initial-state deviation is not a
ground-state one (even when the reference state is a
ground state), the system never forgets its initial
state. We can show that the initial-state derivative
in this case is not zero when t — = by the following
example.

We consider the situation of two states that
evolve with the same density for all time, but begin
in two different initial states. Their potentials differ:
an example of this for two noninteracting electrons
was considered in Refs. [9] and [12]. In that exam-
ple, the reference wave function ® was the (real-
valued) ground state of two same-spin electrons in
a simple 1D harmonic oscillator potential vg(x) at all
times: both the density and the potential were
static. A different wave function ® + 8P (also real)
was then found at t = 0 that reproduced the initial
density and its first time derivative (zero) at the
initial time, and the corresponding potential vg[7,
@ + 8P](x0) was calculated at £ = 0. The difference
between the reference and alternative wave func-
tions depended on a parameter that could be made
arbitrarily small. In terms of our initial-state deriv-
ative, we have

vy, ® + 8®](xt) = v, DJ(x)

+ f dxy&s o1, D)(x, x1, D3Po(x,).  (26)

If, as t — oo, the initial-state term vanished, then
vgln, ® + 6P](x, t) — vg[i, P](x) in that limit. That
would mean that the wave function evolving in the
alternative potential approaches the reference wave
function: one can show that for a single Slater de-
terminant (and other cases too), a constant density
in a constant potential implies that the state is an
eigenstate of that potential. This would mean that
the wave function that ® + 6® has evolved to in the
potential vg[in, ® + 6P](x, t) must approach the
eigenstate @ in the infinite time limit. However,
that is a violation of the Runge-Gross theorem: if
one reversed the evolution from the t — « limit, one
would have two wave functions, beginning with
the same initial state, evolving in two (eventually)
different potentials but keeping the same density
for all times. Therefore, the initial-state derivative
term in Eq. (26) cannot vanish in the t — o limit. In
summary, in this limit, the initial-state term around
a ground state vanishes when the variation is a
ground-state one [Eq. (25)] but not in general.
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Appendix

In this Appendix, we show the difficulties in
attempting to define an initial-state derivative
while remaining only within the physical space. As
discussed in the text, the physical space is that
where the initial state is compatible with the den-
sity evolution it is paired with: there exists a one-
body well-behaved potential in which the initial
state evolves so as to produce the time-evolving
density.

Consider the change in vg(rf) when the initial
state changes from ® to ® + 6P and the density
changes from n(rt) to n(rt) + 6én(rt). To retain the
generalized susceptibility as the response function
describing density changes, we need to break up
the evolution into two steps: (i) the first must have
the initial-state change (and consequently the initial
density and its first time derivative) and (ii) the
second must have no change in the initial state, and
includes density changes only after t > 0. [See
discussion in the text following Eq. (4).] The second
step may then be captured by the generalized sus-

ceptibility of Eq. (4), and it remains to find a re-
sponse function for the first step.

Notice that, in the first step, only the changes in
the initial density and its first time derivative are
completely specified. The simplest attempt to de-
fine an initial-state derivative for the first step is one
where the initial density and its first time derivative
may change, but all higher-order derivatives
dkn(O) /dt*, k = 2, evaluated at t = 0, are held fixed:
thus this derivative covers all variations not cov-
ered by the generalized susceptibility in Eq. (4). We
may call the density defined in this way an “inter-
mediate” density, since it will, in the second step,
be corrected to the new density of interest, n + én,
through the susceptibility. It is important to note
that this initial-state derivative includes nonzero
density variations at all times, én(rt) = én(x0) +
tén(r0), where 6n(r0) and 6n(r0) are determined by
the change in the initial state. We will now show
that this choice leads to an unphysical density.*

Let n(rt) denote the density evolving from the
reference initial state ® and 7i(rt) denote the inter-
mediate density: so

ii(t) = n(t) + (A(0) — n(0)) + t(71(0) — 1(0)).
(27)

Here 1(0) and 7(0) are determined by the reference
®, and 7i(0) and 7i(0) are determined by the new
initial state ® + &®, as in Egs. (6) and (7). We now
argue that although Eq. (27) satisfies global charge
conservation, locally the charge is unbounded. To
see why, integrate Eq. (27) over some finite region.
The lhs is the charge contained in that region at
time ¢, in the intermediate evolution. Assuming that
the initial states yield an initial current entering that
region that is nonzero, then the last term in Eq. (27)
grows or decreases linearly as a function of time,
without bound. This implies that the charge in that
region grows or decreases without bound, which is
impossible in any physical evolution. [If the region
is taken to be the entire space, then total charge is in
fact conserved: the last term in Eq. (27) integrated
over all space is zero at all times, since no currents
can enter or leave the infinite region. For every
region in which the charge grows without bound,
there is another region in which charge correspond-
ingly decreases without bound so that over the
whole space, the charge remains constant.]

*The author is grateful to the anonymous referee for pointing
this out.
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The local violation of charge boundedness is a
consequence of the fact that we are not entirely free
to choose the second- and higher-order derivatives
of the density evolution, given a fixed initial state. It
is clear that the initial state entirely determines the
initial density and its first time derivative but it also
places conditions on all higher-order time deriva-
tives of the density, because the density must

evolve under a norm-conserving KS equation, in a
well-behaved, one-body potential.

So, we may try to define an initial-state deriv-
ative for step (i), with a physically allowable in-
termediate density, by requiring it to satisfy such
conditions. The problem is that it is not unique,
and it is not clear whether a “natural choice”
exists.
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