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Semiclassical perturbation approach to quantum reflection
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We consider the problem of quantum “reflection above the barrier,” introducing a distorted-wave Born
approximation based on the primitive semiclassical Wentzel-Kramers-Brillouin wave function. The idea gen-
eralizes to the concept of an unperturbed Hamiltonian defined as the exact Hamiltonian plus small parts which
“turn off” nonclassical processes such as barrier reflection and barrier tunng8§50-294®6)06012-X]

PACS numbegps): 03.65.Sq
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The difficulty in exactly solving realistic quantum-
mechanical problems, and the quest for physical insight, of:

; . A which is the Born scattering restilt]. This formula is valid
ten drive us to consider approximation methods. Two of the,qer certain “smallness” conditions of the potential: we

most well known are a perturbative approach, where the dif,qoq

ference between the real problem and a solvable problem is

in some sense “small,” and a semiclassical approach, which V(x)a
takes advantage of the smallnesgiofelative to the actions ho
in the problem. Clearly the two methods have different re-

gions of validity and there are parameter ranges where nej- _ : : . .

ther works well. Here we introduce a technique which com-WhereU —pﬁ/m is the clas§|cal v_elocny of t_he partlcl_e and

bines perturbation theory with a semiclassical approach ang ' thg width of t.he potential, which essentially requires the
attering potential to be weak compared to the kinetic en-

in fact bridges a gap between the parameter domains whers

the individual approaches give good results. We consider thg:)%)e/n?[]icz:lg evlvnhﬁgrrr 'Sg ﬁi;tlﬁla%]é ';ﬁﬁgig&;;t'gfaﬂq;m
problem of “reflection above the barrier”: scattering from a P pe,

potential in one dimension when the energy of the particle isStelo potentials rather than barrigrsuch a perturbative ap-

greater than the potential maximum. In Sec. Il, we brieflyproaCh Is expected to fail.

review the two standard approximations mentioned abov% There are two well-known semiclassical methods, one
and introduce our technigue which combines ideas from Zfr? Ciin(t)en :Qﬁzﬁtitrl]%n?)%e?hgiev\?ﬁgr?,\),(g\?stz?qégoﬁgyr'}'r;:nS
both. Section Il presents the results of the three technique% . 9 ! ; '

as applied to two types of potentials: a barrier and a ramp. I§ quwal_ence of t.he two approaches is show[i_sﬂn Below we
Sec. IV we discuss a fourth approximate method, th very briefly outline the methods; the reader is referred to the

multiple-scattering Bremmer result for above-barrier reflecﬁ'tlﬁlrj%tgrt%;f; if[(:t?Fo)lfd;i_szt]i\fgrgg:ﬁgiﬁ:]ea%oggﬁmz er?e-:r
tion. We discuss possible generalizations of our technique t§volve5 into a state 0? negative momentum is obtained fro?%/
calculate tunneling coefficients in Sec. V and multidimen- 9

. : . : the energy domain Green’s function in momentum represen-
sional cases in Sec. VI. Finally, we conclude in Sec. VIl and gy P

discuss some prospects for the ideas introduced in this papet?t'on:

<1, 2

G(—p,p,E)=f G(—p,t;p,0eE"dt
II. A SEMICLASSICALLY MODIFIED BORN RESULT

We address here the problem of scattering from a local- :f (—ple M| p)elEVit, (3
ized potential. Specifically, we consider the reflection coef-

ficient in one dimension of a particle of ener@yincident

from the left on an interaction rggion. In the typical pertur- :j dtf D[ p(r)]ei{SPLA) +E/

bative (Born) approach to scattering thedry|, we start with '

a plane-wave basis representing free particle motion; the ef- 4)
fect of the potential is to induce transitions among these

states. For transitions between two degenerate states invghere D[p(7)] implies a summation over all paths in mo-
continuum, Fermi's golden rule tells us the probability am-mentum space(7) which starts with momentump and ends
plitude is proportional to the matrix element of the potentialat timet with momentum—p, andS(p[ 7]) is the classical
between the initial and final states. In our case, the initiabction [§£(p[7])d7 along the (not necessarily classioal
(final) state is a plane wave moving to the rigleft) with  pathp[ 7], £ being the Lagrangian. This latter expression is
energyE:e* (7)"PX wherep=\2mE. Choosing states nor- a Feynman path integr&2] in momentum space, the posi-
malized to unit flux, we obtain the reflection coefficient tion space version of which is perhaps more familiar. In the
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' flection, either through extension to complex turning points
or by working with analogous formulas in momentum space.
It is well known that the WKB formulas break down for
energies near the top of the barrier. What is mentioned much

less often is that they fail completely if the barrier is too low
in the sense discussed below. However a low barrier is just
the case that can be treated perturbatively, so one might
imagine that most cases can be handled by one of the two
methods. However, it can easily happen that the potential
* barrier is too high to be treated perturbatively, yet the action
JPx(p’)dp’ is too small compared té for a semiclassical
FIG. 1. Classical phase-space contours for a%balrier(solid approach to be reasonably applied. Bridging the gap between
line). The horizontal dashed line shows the classically forbiddenpe regimes of validity of perturbative and semiclassical ap-
guantum tunneling process from the left side of the bailigrto proaches is one of the main results of this paper.
the right (R) at energy below the barrier. The vertical dashed line’ |, he perturbative approach a transition from a right-
connecting contours at energy above the barrier is what this pap‘aoing plane wave to a left-going plane wave is considered.
addresses, the classically forbidden quantum reflection process. For stronger potentials, this is clearly not an ideal choice for
- L zeroth-order states in perturbation theory. We should attempt
limit ﬁ—>0, we may perform both the t.|me' '”Fegff"!' and theto use states which inF():orporate some gf the potential, as ?n
path integral by stationary phase, which is justified as thefhe distorted-wave Born approximation. This leads us to ask
integrand oscillates rapidly and cancels itself out everywher hether the WKB wave functions may play the role of the
except at stationary points of.the ?ntegrand. This reduces th8istorted-wave basis, although it is not immediately obvious
sum over all paths that begin with momentuymand end what Hamiltonian they solve exactly and therefore what per-
with —p and have energf to a vastly smaller sum only ,hation to use. We investigate this next. Perhaps surpris-

over paths satisfying the classical equations of motion. HOWineg, we shall find that the WKB wave functions aesact

ever for enhergljles'grtlaate;]thfan thel 'm_a'XIImUmdpptentlaldther%)lutions to a well behaved, Hermitian Hamiltonian.
are no such classical paths for real initial conditions and rea As is well known[1], semiclassical solutions to Séloko

time. We none’gh_eless fmql an approximation for the quantu"ihger’s equation for a potenti&l(x) may be written as linear
reflection coefficient by picking up contributions from com- combinations of wave functions of the form

plex stationary phase poinf8]. The uniformized semiclas-

sical reflection coefficient derived in this way is

et(i/h);xp(x)dx' 7

—(2i)ImPe x(p")dp’ Pivke(X) =
R=— . ®) VP

14 e @mim® xphdp”

wherep, is the classical value for momentum at the center of'\Nh('irep(X): Vzm[i_\./(;]()éits thelclassical Qon;]entum.and
the potentialx(p) is the classical solution for the position in +(~) represents the rightleft-)going wave. As they satisfy

terms of momentum, and Im stands for the imaginary partSChrajm%er’s equa,l,tlon to .f'rSt order i, \zNe may exp_ect
We note that this is a uniformized expression in the sensi1at any, quantum” behavior shows up(#°). Indeed, with
that Eq.(5) connects smoothly &=V, to the reflection E= P(X)/2+ V(x), it is readily shown thatiyg(x) e>‘<‘actly
coefficient for energies just above the barrier top. The barrief!ves the Schzld]nger equation with an additional “poten-
penetration formula may be more familiar, which is of thetial” of order 2%

form Eg. (5) with the exchange of the roles of position and

momentum: the transmission probability at eneEgis 72 g2

T om ad +V(x) - E) Yke(X)

Xo

ef(ZIh)ImJ'ixop(x’)dx’

T= o (6)
1+ e*(Z/ﬁ)lm_\7XOp(X )dx

—3p’ 2 ” .
zﬁz( p'(x)2  p"(x) Vo). ©

8mp()Z  Amp(x)

where *x, are the classical turning points and

p(x')=+v2mE—-V(x)] (see also Fig. 1 Formula(5) in fact
gives the exact reflection coefficient for the nverse harmonl?Casting the momentum derivatives onto potential derivatives
oscillator. This result may also be seen to arise from a semi:

classical analysis by Zwaan which is based on WKB waveand defining an effective potential for the WKB states as

functions and Stokes line discontinuities in the complex

plane (see[4] for many references and a reviewVe may ) V'(x) \2 V" (X)
also derive semiclassical reflection coefficients starting withVesi(X,E) =V(X) —# [32m(E—V(x)> SME—V(x)]
the well-known Airy connection method for tunneling, 9)
which addresses the problem of barrier penetration and in-

volves matching WKB solutions at turning points. The result

may then be generalized to the problem of above-barrier rewe have
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FIG. 2. Effective potentials for the secharrier as a function of
the dimensionless length: the solid line represent¥/(x), the
dashed lineVq¢¢(x,E), and the dashed-dotted-dotted IM&x,E).

FIG. 3. Effective potentials for the ramp: the solid line repre-
sentsV(x), the dashed lin¥¢¢(x,E), and the dashed-dotted-dotted
line W(x,E).

h? d?
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_ nal potential had infinite extent in space, the effective pertur-
2m

bation is localized, and is thus now able to satisfy require-
ments for the perturbation theory. Similar comments may be
=(Hwke— E) ¥yykg=0. (10) made for the unbounded inverse harmonic oscillator, where
the effective potential is also localized and finite.
Thus the WKB wave function exactly solves a quantum- Some insight may be gained by considering a classical
mechanical Hamiltonian problem with real potential which is phase-space picture for this problem. In Fig. 1, we showed
smooth for energies above any potential maximum. We mayypical phase-space contours for a barrier. The quantum re-
think of the difference between the effective and exact poflection process is indicated by the dashed line from the top
tentialsW(x,E) =Ve¢1(X,E) = V(x) as a perturbation which curve to the bottom, forbidden in classical mechanics. Con-
“turns off” quantum reflection: a wave sent in from the left ventional perturbation theory based on plane waves used the
has no reflected component at eneBgyit is perfectly “im-  horizontal p=const asymptotes as contours to connect; in
pedance matched.” We note thét«(x,E) is energy depen- our modified perturbation approach using WKB wave func-
dent and blows up at classical turning points, as does thgons, we take states associated with the curved, constant
WKB wave function. At energies above the potential maxi-energy phase-space contours.
mum both the WKB wave function and effective potential
are well behaved. In Fig. 2, we have plotted the potential
V(x), the effective potentiaV.¢;(X,E) and the difference
potential W(x,E) for a range of energies and potential To calculate the reflection coefficient we use a perturba-
heights for a typical barrie¥(x)=V,secl(ax). We scale tive approach with the WKB states as the unperturbed basis,
X asx= ax, then and so calculate the matrix element MW=V —Vs; be-
tween theyt and ¢~ :

lll. REFLECTION COEFFICIENTS

2
h2a?

m

5
32m

V'(%)
E-V(X)

V//(’)‘(‘)
8M[E—V(X)]

W(X,E)=— (211 *p(x')dx’ 4 | 2

p(x)

11

m?| (=
R=02 | | V00~ Ver0]

(12)
thus we choose as independent paramefgrandE. In the

figures we varyV, andE and take#?a?/m to be 1. In Figs. 4 and 5 we graph the results of our combined
We observe that the effective perturbation has two valleysemiclassical perturbation technique together with the known
as well as a central peak, and this is what enables the quagxact quantum reflection coefficietgee[1], for example,
tum reflection of the semiclassical states to be turned offthe semiclassical result, and the Born reswhere appli-
loosely speaking, reflection from these valleys interferes decable for the two potentials: a seéh barrier V(x)
structively with the reflection from the original potential. At =V,sech?(ax), and a rampV(x)=V,/(1+e~ *¥), where
energies close to the barrier top, the difference potential isge=1. Energy and potential are measured in units of
quite large. As we increase the energy, the effective potentidl?a?/m.
approaches the original, and we expect that a perturbative For the sech barrier, we see that ordinary perturbation
approach using the correspondingly small difference potentBorn) theory is only good for small potentials and high
tial would yield better results. The difference potential canenough energies. The semiclassical approach is reasonable
be small even if the barrier is large. for large potentials and energy well away from the barrier
Figure 3 showsV(x), Vesi(X,E), and W(x,E) for the  top. Our combined approach works in the intermediate pa-
rampV(x)=V,/(1+e **). We see that although the origi- rameter region, as we expected.
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FIG. 4. Natural logarithm of reflection coefficients from the  FIG. 5. Reflection from the ramp potential: solid line is the
sech barrier: solid line is the exact, dashed-dashed-dotted line igxact, dashed-dashed-dotted line is the perturbative forifivla
the perturbative formulél), dotted-dotted-dashed line is the semi- dotted-dotted-dashed line is the semiclassical forntblaand the
classical formula (5), and the dashed line represents our dashed line represents our semiclassical-perturbation for(hja
semiclassical-perturbation formu{&2).

the limit of a continuously varying potential. This gives two

In the case of the ramp, where perturbation theory canndterative equations fdo_. (x) and we take the first iteration to
be applied sensibly due to the infinite extent of the potentialobtain
we see that our technique of combining a semiclassical ap- ,
proach with perturbation theory still works well and is better R= P (X) e(—2i/R) *p(x)dx’ (14)
than the semiclassical approximation, provided the energy is 2p(x) '
not too close to the potential top. In Fig. 6, the typidal ) i .
dependence of the coefficients is plotted. We observe that fofhe Bremmer approach is very much in the spirit of the
very small#, the semiclassical result is a very good approxi_sem|cIa_SS|ch-perturbatlon _results in that a _semlclassmal
mation as expected, whereas for lafg@erturbation theory foundation is used to build quantum  corrections. In .the
does a better job. The combined semicIassicaI—perturbatioﬁremrm,er case, the WKB wave funlct|on with no reeronn
method interpolates between. We notice that corrections tfFSUlts if the zeroth approximation is used, and Bd is

the semiclassical approach dependfionoughly ase™ °®), the single-scattering correction. =
indicating #2 (and highey corrections to the action, as is A numerical eval_uat|0n of qu.4) ISin fac_t very close to
expected in semiclassics ' the exact result as is shown in Fig. 7, providing in general a

IV. THE BREMMER METHOD [ =T =

o ——

We mention briefly another technique for computing -
guantum reflection coefficients, without which this study g
would be incomplete. The Bremmer method results from a log Rr /
multiple-scattering approach, where a smooth potential is ap- Sy
proximated by a series & sharp stepsN being large. The /
wave function at some positioncan be expressed as /

-10
Medlfmxp(%)d% e (M)POXNAX (13 0
Vp(x) VP(x)

. ) ) ) FIG. 6. #f dependence of the reflection coefficients
whereb..(x) are coefficients to be determined. An incoming R =R/R,,,.;. Here we have taken the sédbarrier withV,=0.5

wave partially reflects and partially transmits at each sharpnd E=1.0: dashed-dashed-dotted line is the perturbative result,
step for which the fully quantum coefficients are known.dashed-dotted-dotted line is semiclassical, and the dashed line is our
Thus we calculate the wave function cumulatively and takesemiclassical-perturbation theory.
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space in a similar “semiclassically modified perturbation

theory.” In particular, we may be concerned with generaliz-

-3 Vo=0.45 ing this to higher dimensions, where there is much interest in
calculating couplings and energy splittings between classi-
log R cally degenerate tofil0].

We consider below the issue of tunneling across a poten-
tial barrier in one dimension, with energy below the barrier
top. We need to find, for the unperturbed basis, wave func-
tions which “live” on one side of the barrier only. We may
attempt to construct appropriate combinations of the WKB
wave functions Eq(7) which do this. However at the turning
-11 Vo=0.45 point the wave function blows ufas does the effective po-
tentia). Uniformizations of WKB wave functions in position
representation are well studi¢d]. It is, however, not clear
how to uniformize at the turning points without inducing
tunneling of the wave function to the other side of the bar-
rier, which we want to avoid in order to follow our plan

1 E 13 analogous to the above-barrier case treated earlier. Consider
the contours labele andR in phase-space Fig. 1 again: at

FIG. 7. The Bremmer resu(tlashed lingfor the reflection co-  the turning points, the projection of the contour onxtas
efficient for the sech(top figure and ramp(bottom figur@ poten- ill-defined; they are coordinate space caustics. We see the
tials is very close to the exact resiolid line). tunneling process connects curketo curveR: the picture

suggests momentum space is a more natural space to work in
much better estimate than the three approaches discussedf@i this problem. If we work in coordinate space for barrier
the preceding section. It is, however, challenging to applyeflection(momentum tunnelingthen we should expect to
the Bremmer approach to more genera| probk{m be- work in momentum space for barri(sposition spac)atunnel-
low). ing. The turning points then pose no problem, as can be seen

Berry and Mount's discussion of the Bremmer approachby the projection on to the vertical axis. Performing a sta-
[4] includes an analytic evaluation of the integral Etg) by ~ tionary phase Fourier transform of tixespace WKB wave
a contour integration. The semiclassical approach enters Byinctions living on the leftight) side of the barrier:
including only the contribution from the pole involving the o) o
smallest imaginary action. Their explicit semiclassical calcu- ) =i (X) (15
lation for the potential ramp results in a value #&rwhich
overshoots the standard semiclassical result by the factor
2/9. This 10% discrepancy, very minor compared with the
differences in the approaches of Sec. Il was attributed to o3 (p)=
taking only the first iteration in the multiple-scattering V=V'(xX(p))
coupled equations, that is, to formula Ed4) itself. Our
numerical evaluation of Eq14) which indicates how very where +(—) represents the wave on the Iéftight) of the
close it is to the exact result, together with Berry andbarrier. We may calculate the behavior under Sdhnger’s
Mount’s semiclassical calculation, suggests that if all the sinequation:
gularities were included in the contour evaluation we would

log R

-18

Yye obtain the momentum-space wave function

g™ (ih)Px(p")dp’ (16)

get an analytic result very close to the exact result. However | p . d NP + 3
this is not found to be correct. We can motivate why from | 2m "V 'ﬁd_p —E|¢7(p)=1"h(p)$~(p)+O(%%),
the following observation: the exact reflection coefficient is (17)
e MR, (Fig. 6), yet summing the contributions from all
the poles results in the addition of two geometric sefts X' (P)2V"' (x(p))  X"(P)V"(X(p))
stemming from complex turning points, the other from com- h(p)=- 8 - 6
plex singularities which cannot give such a dependence.
This problem remains unsolved, but it is not the main point 3V"(x(p))3x’ (p)? . V" (x(p))>X"(p)
of our paper. 8V’ (x(p))* 4V'(x(p))
Vi \Vid ’ 2
V. GENERALIZATION TO BARRIER PENETRATION (X(p)Z)V’(E()E(pp))))X (P) , (18

We are now led to the question of whether the
semiclassical-perturbation technique may be used in morethere V(ii(d/dp)) was calculated by an expansion-
general problems. The success in computing the nonclassicsisummation technique, as follows: We consider the opera-
transitions between the positive and negative momenturtion of the first few terms of a Taylor series expansion
branches in phase space for reflection from a barrier prompt@round zero forV(i%(d/dp)) on ¢*(p), collect terms in
us to ask whether can we compute the nonclassical transitioorders ofi and find that to each order fnwe have a Taylor
probability betweenany two contours in classical phase series which we then resum. This leads to the results above,
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log R

FIG. 8. Transmission through the inverse harmonic oscillator

V(x)=Vo— ¢ the solid line represents the exact result, which in  FiG. 9. A. Poincare surface of section plot for a typical inter-
this case is also the semiclassical result forniGjaand the dashed  4cting system of two degrees of freedom in the nearly integrable
line is the result of our semiclassical-perturbative approach. regime. Resonance zones which divide regions of phase space are
evident. The contours on thix,p,) surface are of the same fixed
where in a semiclassical vein, we write down explicitly the energyE. Tunneling across the resonance zones is analogous to the
lowest order(i.e., ﬁZ) correction(see[8] for more detail. barrier reflection: These resonance islands are to be compared to the
Unfortunately the Hamiltonian is more complicated in its Phase-space plot for the barrigr which shows the similarity of the
position dependence than in its momentum dependenddnneling across the separatrix in the two cases.
[V(X) as opposed tp?/2] and the price we pay is a more
complicated effective Hamiltonian. In addition, we observemomentum space to the uniformized wave function we find
from Eq.(16) and Eq.(17), that at the expense of eliminating that the difference between the Hamiltonian for which
the turning point caustic, we have introduced a new type offunif(P) is an eigenstate and the original Hamiltonian does
caustic, caused by the asymptotic constancy of the potentiglive a finite perturbation and we find this explicitly up to
(see Fig. L order 2. However the application of our semiclassical-
Before discussing this problem further, we present theperturbation theory to calculate the tunneling probability
results for the inverted harmonic oscillator, for which this from one side of the barrier to the other using the uni-
new type of caustic is not a problefim momentum space, formized states as the zeroth-order basis, has not been suc-
with E>V,,.«, the top of the barrier plays no role, as it is cessful in yielding a good approximation, despite the effec-
outside the relevant.e., rea) domain forp]. The analysis tive perturbation being small and finite everywhere. Perhaps
follows closely the case of above-barrier reflection from thisthe neglect of the term®(%3) and higher may be partly
potential due to the symmetry of the harmonic-oscillatorresponsible for this, but as yet this problem is unresolved.
Hamiltonian under the substitution— p. The series it in
Eq.(17) ends ati? for this potential, so in fadd —#2h(p) is
the effective Hamiltonian for which the WKB solutions Eq. VI. MULTIDIMENSIONAL CASES
(16) are exact eigenstates to any orderiinThe results are  Of course the one-dimensional problems addressed in this
given in Fig. 8 and provide a good approximation to thepaper are of limited utility. However, it is easy to see that as
exact result provided the energy is not too close to the barrigbng as there are no position space turning points one can use
top. the same methods in two, three, or more dimensions. For
For a generic barrier, which flattens out away from theexample, backscattering from a three-dimensional potential
interaction region, we encounter what we shall call a “su-which has no classical backscattering can be computed. We
percaustic” [8]: as p— * 2E, the WKB wave function |eave this for future work.
blows up. Theexactmomentum-space soluticalso is sin- The situation we have discussed here is related to an es-
gular for flat regions of potential, however the WKB behav-tablished technique used to estimatgnamical tunneling
ior is still incorrect, as can be seen by the divergence of thgg 10] interactions in two or more degree of freedom bound-
effective perturbation in Eq17). Thus the WKB wave func- state systemgl1-14. Dynamical tunneling occurs whéth)
tion is a poor approximation of the true wave function asthere are good classical actions partitioning phase space, giv-
p— = \2E. It is possible however, to uniformize the super-ing classical trajectories which fail to flow from one set of
caustic, and this process is described[&) for a barrier  actions to another, even over infinite time & tunneling
whose asymptotic behavior is exponential. This involves ex{with associated tunnel splittings and mixing of wave func-
actly solving the case of a potential which tends to the detions otherwise localized to the vicinity of the tpiis ob-
sired potential at large, then adjusting by well-behaved served quantum mechanically. It can be shown that classical
WKB factors, to find a wave functiomb,,;;(p) which re-  resonance island chains which always can be found between
duces to WKB in theh—0 limit, and yet has the correct the invariant tori control the tunneling between the states
blowup asp— = +2E. Applying Schralinger's equation in localized on the tori. This is most easily seen by analogy
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with the barrier reflection problem discussed in this paper. In  The generalization of the coordinate space reflection
Fig. 9 we show the phase-space plot for barrier reflection angroblem to barrier tunneling was given. It is more compli-
for a mostly integrable two-dimensional systefon a cated in form due to the need to work in momentum space

Poincare surface of sectipnThe two tori involved in the and the relative functional complexity ®(x) as opposed to
tunneling are indicated; note that between them sits a resg?/2,

nance island chain which has the right Fourier components t0  Fyrther generalization leads us to the intriguing idea of
give a nonvanishing tunnelingperturbative integral con-  finding a Hamiltonian which is very close to the exact one,
necting the two tori. Locally, the resonance zone has exactly,t which is constructed to turn off certain nonclassical pro-
the structure of the barrier reflection problem, as indicated in.ogqes Whenever such a Hamiltonian can be found and the
the f'gured' In thethvery cglmmon caze tEat glle dls_lands are na[)'erturbative matrix elements evaluated we may have a pow-
gci)r\:;lili(:rs inraswi?it tg ?r:?s e;n ecran” : si?\nlee alirr] gf T:rﬂrsl?rerful tool. The reason is that the eigenstates of the unconven-
. pint to. Paper. ge p . _tional HamiltonianH,ykg can be constructed from classical
localized levels is interacting, the resonant zone COUplm%echanics and the remaining quantum effects calculated by

two tori is removed from the Hamiltonian, thus turning off bati h W I lished all the d
the tunneling. The tunnel splitting is then estimated by perpertur ation theory. We actually accomplished all the de-

turbation theory, using the WKB-like wave functions resid- Sired features of this plan, including simplicity of the inte-
ing on the invariant tori. This program works very well in 9rals, in the case of reflection above a barrier top or a ramp.
many cases. Its generalization to stronger resonances a¥$é described the analogous situation governing dynamical
many interacting levels was given by Carioli,/Mw, and  tunneling between invariant tori. Whether “turning off the

Heller [15]. tunneling,” as it might be termed, will prove practicable in
wider circumstances remains to be seen, but the idea is ap-
VII. CONCLUSION AND PROSPECTS pealing.

We have shown that the WKB wave function for a scat-
tering problem with no_tgrning points solves a Hamiltonian ACKNOWLEDGMENTS
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