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Semiclassical amplitudes: Supercaustics and the whisker map
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The semiclassical approximation for a quantum amplitude is given by the sum of contributions from inter-
sections of the appropriate manifolds in classical phase space. The intersection overlaps are just the Van Vleck
determinants multiplied by a phase given by a classical action. Here we consider two nonstandard instances of
this semiclassical prescription which would appear to be on shaky ground, yet the corresponding physical
situations are not unusual. The first case involves momentum-space WKB theory for scattering potentials; the
second is a propagator for the whisker map that arises in generic two-dimensional systems. In the former case
two manifolds become asymptotically tangent, and the semiclassical formula needs to be uniformized in order
to give a meaningful wave function. We give a uniformization procedure. In the latter case, there are an infinite
number of intersections in phase space within a zone with the area of Planck’s céthedimit of resolution
for quantum mechanigsyet the semiclassical sum over all contributions is shown to be correct.

PACS numbd(s): 03.65.Sq, 05.45.Mt

[. INTRODUCTION than h. In the second casé€Sec. ll), there are an infinite
number of semiclassical contributions converging together
Semiclassical approximations to quantum mechanics arexponentially within an area df in phase space. Planck’s
useful for physical insight as well as semiquantitative resultsconstanth sets a lower limit on the size of structure in clas-
Consider the computation of a quantum amplitude of thesical phase space that quantum mechanics can resolve, yet
form (,| 1) (e.g., if o) =|x) and|p;)=e"""|x"); this  the primitive semiclassics turn out to work very well with no
is the coordinate space propagatoFhe semiclassical ap- corrections. We show why this is the case.
proximation for such a quantum amplitude is produced from
classical objects and Planck’s constdmtit has the form
> p €%" where the sum goes over classical paths with
boundary conditions determined by the two states in ques- When finding semiclassical energy eigenfunctions in a
tion. The phaseSis the appropriate classical action for the given representatiofe.g.,x or p), the sum discussed above
classical path, and the weightingis a classical probability goes over all the phase-space intersections of the constant
density together with any Maslov factors arising from caus-energy manifold with the representation. This semiclassical
tics encountered by the paftt]. This form emerges out of (or WKB) wave function built on the Van Vleck determi-
the stationary phase evaluation of Feynman path integralsants and classical actions in general provides a good ap-
where the stationary paths are classical trajectories; thegroximation to exact wave functions, and solves Sdhro
dominate the path integral in tife—0 limit. The validity of  inger’s equation to ordet. An important exception occurs at
the semiclassical sum hinges on the differences in actiopaustics.
between the different contributions being “large” compared It is useful to consider classical phase-space diagrams,
with Planck’s constarit. When this is not the case, the semi- where the quantum states in question are represented by
classical approximation breaks down. manifolds[2]. The quantum states are represented in phase
In this paper we study two situations which, to our knowl- space as lines of finite thickness, appropriate to the succes-

edge, have not been discussed before in the literature, but tiséze contours of fixed canonical variablésuch as the ac-
physical situations they represent arise quite generally. Thigon). The area of the intersections of two sets of such mani-
first case(Sec. I is the semiclassical energy eigenfunction folds is then proportional to the Van Vleck prefactor in the
(WKB) in momentum-space for potentials which are asymp-semiclassical sum, which is just the classical probability den-
totically constant, as in scattering systems. In phase spacsity given the initial and final conditions; the action line in-
the momentum manifold is asymptotically tangent to the entegral along the manifold is in the phaSg3].
ergy manifold over an infinite range. A uniformization needs Consider the coordinate representation of a harmonic-
to be performed in order to give a reasonable approximatiooscillator eigenstate. Figure 1 shows a constant energy con-
to the quantum amplitude. We call this a supercaustic tdour of energyE for a harmonic-oscillator potential in one
distinguish it from an ordinary caustic, which is the simple dimension. The semiclassical coordinate space energy eigen-
tangency of the manifolds that occurs when stationary phastinction is the sum of contributions from each of the two
points coalesce and the action difference becomes small@rtersections of the shaded vertical line representingith

the circle corresponding to constant energy. These intersec-

tions represent the two classical “roots” with momenta

*Present address: Department of Chemistry, University of Califp(x)= = 2m(E—V(x)). Forx further to the right the inter-
fornia at Berkeley, Berkeley, CA 94720-1460. sections become closer, eventually coalesdiwere the

II. UNIFORMIZATION OF A SUPERCAUSTIC
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FIG. 2. Eckart barrie?V(x)=secl x (above and associated
phase spacébelow). As x* < the potential flattens out. Here there
is a “supercaustic” where the energy contour is asymptotic b a
state.

FIG. 1. Harmonic-oscillator potentia¥(x)=x? (above, solid
line) and associated phase spabelow. Caustics in coordinate infinite extent along the contour. We shall call this more
space occur at the turning points of the motiertical dashed  seyere type of caustic a “supercaustic.”
line), where the energy contour is parallel to xastate. There are The WKB wave function irp space, obtained either by a
also caustics in momentum spag®rizontal dashed line at the stationary phase Fourier transform of the position space
center of the well, and this is where the energy contour is parallel tq,.5ve function to momentum space or by solving Sdhro

a p state. The dot-dashed line shows the classical coordinate Spaﬁ’?ger’s equation to orde directly in momentum space, is
density with a coordinate space caudiitfinity in the probability '

density. If we assign proper thickness variations to the areas rep-

resenting the states, the intersections are proportional to Van Vleck . 1 (i1%) P (p")dp’
determinants, in the limits that the thickness vaniste=e dark Puin(P) = —V’(x(p))e ’ @

intersection zongs

manifolds are tangenat the vertical dashed line shown. The Where
classical probability diverges ggx) !, and the semiclassi-
cal wave function ag(x) 2. Such a coalesence of intersec- x(p')=V YE—p'?/2m), €)
tions (i.e., stationary phase points called a caustic, and it
signals the breakdown of semiclassics. The difference in acandV 1 is the inverse of the potentigWe note thav ! is
tion between the two contributions goes to zero and the prefin general a multivalued function; the branch chosen in Eq.
actor p goes to infinity. For coordinate space energy eigen{3) is determined by the branch to which the classical con-
functions, this occurs at the turning points of the motion,tour corresponding to the semiclassical state we are describ-
p(x)=0. If we apply H—E) to a WKB state, wheréd is  ing belongs. For example, for a potential barrier centered at
the Hamiltonian, there results an error which goes to infinityx=0 and for an energy below the barrier top, the positive
as a turning point caustic is approached: (negative branch choice ok(p) gives a semiclassical state
which lives on the rightleft) side of the barriefsee Fig. 2
2 d? . Caustics in momentum space, of the ordinary or super type,
“om @JFV(X)— E | uin(X) arise when the force is zero and the denominator in(Eg.
vanishes. The exact solution in momentum space for a glo-
bally flat potential is a5 function, §(p= v2mE); this indi-
banX), (D) cates that the exact eigenfunction for an asymptotically flat
potential should also diverge. However, as we shall see
shortly, the singularity in the WKB solution is quite incor-

2( —3p'(0* | p'X)
8mp(x)?  4mp(x)

where () =[1Wp(x)]e= ("MIPCINp(x') - rect,
=y2m(E—-V(x')), and one dimension has been assumed Caustics of the simpler type have been well studied in
for simplicity. position space. The potential may be approximated linearly

The momentum representation fprintersecting in the near the turning point and there thiry function) solution
same region does so at a high angle, and does not sufferfaund exactly; the WKB solution, valid further away, may
caustic. However, momentum space has its own divergendden be “glued” smoothly to the exact solution near the
problems elsewhere: not only may we have the type of caugurning point. Hence a uniformized semiclassical wave func-
tic above, where the projection of the energy contour onto dion valid everywhere may be obtained. More elaborately,
line of constant momentum is parallglotted line in Fig. 1,  there are uniformization techniques which involve a modifi-
but we may also encounter a contour which slowkymp- cation of the form of the WKB solution motivated by the
totesto ap state(Fig. 2) and remains almost parallel for an exact solution near the turning point. Such methods give
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where we take mass 1. In momentum representation it is the
kinetic term that is triviaki.e., multiplicative at the expense

of the potential term which is now a differential operator.
Momentum space is more complicated than coordinate
space, where the kinetic term is only a second-order deriva-
tive (and the potential term is simply multiplicativeWe
evaluate the action of the potential term on the WKB wave
function order by order itk in the following way. We first

X expandV(if(d/dp)) in a Taylor series of the form
FIG. 3. The potential equatiof®#) with Vo=2 anda=1. Uni- d V"(0) d?
formizing thep-space semiclassical wave function at the exponen- V(0)+iAaV'(0) o —hZT -
tial tail (x—) is the subject of this section. P dp

. . . 3V///(0) dS V////(O) d4
“connection formulas” between classically allowed and for- —ih—— —+ht—

+ — e
bidden regions. The reader is referred to the review by Berry 6 dp’ 24 dp*
and Mount for details of thig4] and references therein. The

resulting uniformized wave function satisfies Sainger’s on wave function(2). Terms of the same order i are

leeqr:ljgttl)c;r;r;[g \?VrgeBhs’o%E:igr?eisenﬁi ir;ar\]/ifogrﬁy%\éﬁggiin:epgrob'collected; of course; typically each differential contributes to
analogous procedure in momentum representation can u - ery order. At each order we f|_nd we .haye the first few
formize the ordinary type of causti€ig. 1) there. erms of a Taylor series of a certain function; these functions

The main result of this section is the uniformization of the 2'¢ then taken o represent. the r_esult of
momentum-space supercaustic associated with potentia}é('h(d/d P)buie(p) at the corresponding order i. We
which exponentially decrease asymptotically. In Sec. Il A we n
introduce the potentials and demonstrate the incorrect diver-
gence of thep-space WKB wave function at the supercaustic V( if d—) Dukn(P)=[VX(p)+72h(p)+O(%%) ] dwin(P),
by calculating to ordef:? the difference between the true P ©6)
Hamiltonian and the Hamiltonian for whicf,,;, is an exact
eigenfunction. This is followed by the construction of a uni-where

form semiclassical wave function for these potenti@sc.

®

and operate with the series truncated say to four or five terms

Il B). We show for the Eckart barrier how our uniformization X (PP X"(P)V"(X(P))
compares to the exact eigenfunction, by calculating explic- h(p)=— 3 - 6
itly to order %2 the difference between the Hamiltonian for
which the uniformized wave function is exact and the origi- 3V'(x(p))3X'(p)2  V"(x(p))*X"(p)
nal wave function. 8V’ (X(p))? AV’ (x(p))
A. Supercaustic of an exponentially decreasing potential + V”(x(p))V”’(x(p))x’(p)2. @)
Potentials of the form 2V (x(p))
—ax \2 x(p) is given by Eq.(3), V(x(p))=E— p?/2, and the prime
V(X)=V,|1- —) (4) indicates differentiation with respect to the argument. Then,
1+c e with H=p?/2+ V(i%d/dp), we have

H-E =h?h +0(h3).
where 0sc=<1, of which the Morse ¢=0) and Eckart ¢ ( ) Puial P) (P)fuielP)+ O
=1) potentials are special casgsg. 3), possess supercaus- h(p) is thus, to lowest order in4, the error in the
tics in momentum space at— = 2mE. [We point out in  momentum-space WKB approximation of an energy eigen-
passing that, foE>V,, the simpler type of caustic also function.
exists: atp=+2m(E—V,), V'(x(p))=0 (the classical Let us consider this function for potentials which, at large
particle is atx=0) and the projection of the energy contour X, go like Woe™** [e.g., for potentials(4), W,=2V,(c
on to thep-axis is tangentigl +1)]. Then, asp— = J2E, h(p) diverges. This is the mo-
We investigate the error in the WKB solution in mentum which a classical particle has asymptotically, that is,
momentum-space at the supercaustic. We need to compuite the region where the potential becomes fland zero.
the effect of the Hamiltonian on wave functiég), The exactp-space wave function does indeed approach
o-function behavior here; although the WKB wave function
also blows up, it very poorly represents this divergence as is
iﬁi) —E}q& (p) evident in the blow-up of the difference Hamiltoniaip).
dp Wb In classical phase space this is where the constant energy

p2
?+V
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| 6 | where|r|=1. This can be readily verified by the property
; 4 ; (see Ref[5])
) 2 :

@ E i z-0 77( zZ\~v 1 z)v 1 )

<3 2 2 p K2 = 7 (7) —r(l—_v)Jr(z INGEDlA
__Z I'(w) is the y function:

FIG. 4. The WKB wave function irp space differs from an F(a))=j e 't 1 dt, (10
0

eigenfunction of the Hamiltonian byih(p)+O(%%). Here we
showh(p) for the Eckart barrierV(x)=2 secR x, for ¢,(p) at
energyE=1.5. The dashed lines indicate tipe= = 2E asymp-
totes. This corresponds to the dashed line in Fig. 2, and is where tePace,
potential becomes flat.

By Fourier transform we obtain the solution in momentum

1 »

— eflpx/ﬁ d
manifold asymptotes to p eigenstate, and this is what we PasP) J2h ffm Yasyx)dx
refer to as a supercaustic. In Fig. 4 we plqp) for an
Eckart barrier.

e(—ip/ﬁa)ln(ZWOIaZhZ)

N 4\2mh

B. Uniformization

We saw above that momentum-space WKB theory fails in %T I_(p+ \/E)) r(I_(p_ \/E)) ,
the asymptotic region of the potenti@le., where the poten- ha ha
tial flattens out The first step in uniformization is to find the (1)
exact energy eigenfunction in momentum representation of
the Hamiltonian in this region: where we used the integral expressigee Ref[5]) K,(2)

= L(z/2)"[ze "4~ v=1 gt for |arg(z)| < w/4. This is the
exact momentum-space eigenfunction for the Hamiltonian
p2/2+W,e~ . As expected, the semiclassical limit of the
exact solution11) yields thep-space WKB solution for this
Jamiltonian: noting that

Hasy= P22+ Woe™ %,

We shall first find its exact eigenstates in configuration
space, and then calculate the exact Fourier transform to m
mentum space. Performing the change of varialle

=(i2y2W,/fa)e” 2 in Schralinger’'s equation ['(z—o0)—gZInz-z=(W2)nz+(1/2)in2m
52 d2 we find that, agi—0,
—?@-ﬁ-woe_“x—E lﬂ'as¢x):0

Na “
asy(P)— —Vmahe T E R gy u(p), (12
yields Bessel's equation of order=i22E/% a:

where
= il
—+-—=+|1-— z)=0, i
dz2 zdz 22) '!fas)/( ) ¢as%wkb(p):,;ex;(%fpx(p')dp/)
V=V (x(p) 0
with solution
1
2\2W, “N ez
lﬁasy(x):W(i/ﬁ)(z/a)\E(Woe aX/Z)- (8) «(E-p/2)
—2i \F p+2E
K ,(z) is MacDonald’s function of order [5]. This has the xexpg o—|p~\/3In ~2E
. N . p
correct behavior fox— — o0, whereys exponentially decays.
N is a normalization constant; choosing E p [E—p22
+ EWI - EIn( W ) . (13
2(1\Y*  [2\2Em i 2V2E °
=—|z=| sinh——|T|1+—-——| (9 . . o -
™\ 2E ah h o« Equation(11) is an exact solution in the region where the
_ o ) _ ) WKB solution for potentials of the form of E@4) diverges.
gives unit incoming flux from the right; that is, This exact solution for the exponentially decreasing potential
va is what we need for the uniformization of the supercaustic of
Pasy(X— ) i (e~ 1ZEXh | ol ZEXR) these potentials. We would like our uniform semiclassical
as 2E ' wave function to satisfy Schdinger’s equation up to order
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#, and have the correct blow-up behavior npar+ \2E, so  We observe that the classical position for the exponentially
that the error in being an exact energy eigenfunction is evdecaying potential/,s,(x) may be written
erywhere finite and of ordér? (and highey. Below, we shall
show that this can be achieved by multiplying Efj1) by as 1 E—p?/2
well-behaved WKB factors which correct for the difference x*(p)=— —In 2V (c+1))
between the original potential and the exponentially decreas-
ing one on which the uniformization is based. This account
for the behavior away from the supercaustic. We hope the
following will clarify what is meant by this. ,
The general potentigd) has the exponential asymptotic VagyX(p))=—a(E~ p*/2).
behavior

nd, for this potential,

Now, the classical position as a function of momentum
V(x—2)—=2V(Cct+1)e” :=V,g(X). (14)  for the generalpotential(4) is

1 R

——In 7 5 =X2Y(p) +Xexira(P),  (15)
a (1_02(1_5 p/Z))( \/ E- p/2)

2(c+1)| 1

E—p?/2
2V (c+1)

1
x(p)=-~ (

and the derivative of the potential is

2(c+1)| 1—cy/1- )
v/ = —a(E—p%2 =V; Ve :
=t )( 2( E- p2/2))( “E- p2/2 1—eax(p>> asyX(P))XVeira( P)
l—c1-
1+ce *X(P)
(16)

The sum and factorization properties in E¢s5) and (16)  this limit] and, asi—0, this reduces, by construction, to the
respectively, enable us to write tpespace WKB wave func- WKB wave function. The WKB factors are well-behaved
tion for the general potential as the product semiclassical objects: the divergent part of the semiclassics
has already been extracted and replaced by an exact solution
for the asymptotic region. This solution is then modified by
benign WKB factors accounting for the difference between
the true potential and the exponential.

(17) The final check, of course, is to calculate the deficit of
Where ¢ sui(P) IS @s in Eq.(13) with Wo=2V(c+1) dunit @s an eigenfunctioffollowing the procedure as in ob-

We can now assert the uniformization for potentials of formtaining Eq.(6)]. That it is now finite is clear, from the above
P comments. As an example, we consider the Eckart barrier

e_ (i/h)fpxextra(p,)d p, ,

1
¢w ( ):¢as W ( )X,—
kbl P y,wkb! p m

of Eq. (4) is V(x) =V, secl(x). Equation(19) gives
o —|p 4V,(c+1) i oV, i
Punie(P) =N exp[ e | 22 bonir(P) = exp[ Zﬁpl Y r(%wﬁ))

1/4

i i .
r{ o @ G- 28 | t 550~ 28)|

E—p?/2
1 1= VIEJ
X—e*(i/ﬁ)fpxextra(p’)dp" (18) 0
Vve,zxtra(p) F{ i p (1 E—p’2/2 )
X ex J In|= 1+\/1——) dp’},
where we have replaced the WKB solution for the exponen- hlo \2 Vo
tial potential with the exact solution there from E@.1). (19

This wave function has the correct blow-up behaviorpas
— * \/2E [the extra WKB factors tend to (Lp to a phasein ~ where theR superscript denotes the state at enegthat

012107-5



N. T. MAITRA AND E. J. HELLER PHYSICAL REVIEW A61 012107

i 1 i 2 secR x (cf. the corresponding quantity for the WKB func-

i i tion, Fig. 4.

v I IIl. SEMICLASSICAL QUANTIZATIONS

i -1 i OF THE WHISKER MAP

-2 We continue our investigation of semiclassical amplitudes
5 -3 5 with the whisker map. Arnold first coined the term “whis-

ker” for branches of the separatriX]. The separatrix is one
FIG. 5. This plot ofh,ni(p) shows how much the uniformized of the most common structures in the phase space of generic
semiclassical wave function at energy= 1.5 for the Eckart barrier  Systems, and it is the birthplace of chaos in near-integrable
2 sech x misses being an energy eigenfunction to oferNotice ~ Systems. Near a resonance in a two-degrees-of-freedom near-

that the function is finite and “small” in the physical domaip| integrable system, one can transform to a pair of approxi-
<\/2E (between the dashed linesinlike the case for the WKB mate “slow” action-angle variables and a pair of approxi-
wave function(Fig. 4). mate “fast” action-angle variables. To first order, the

Hamiltonian in the slow variables is a pendulum, and a

lives on the right-hand side of the barrier, corresponding t¢sloser look reveals a chaotic layer around the pendulum
the positive branch of thé~* function (see also Fig. 2 The  Separatrix. The whisker map describes the motion in this

state on the left, is given by the complex conjugate chaotic layer.
d y P g Zaslavskii and Filonenk$8] originated this mapping; it

L - was later extensively studied by Chirikg®]. Specifically, it
bunit(P) = bunit(P)- is the mapping of the fast action and angle when they pass
L ] o through a surface of section erected at the hyperbolic point of
bunir(P) stems from uniformization based on te€ ™ po-  the (slow variable’s pendulum. One obtains
tential. To calculate the action of the Hamiltonian on Eq.

(19), we proceed as in Eq5). It is easiest, however, to I"=1-ksind,
perform the differentiation operations on thé functions (21)
within the integral expression for the function[Eq. (10)],
and then integrate the result at the final stage. In particular, 6'=6+N\In— (mod 27r).
[0}

- d" i We refer the reader to the literatUi@ 10] for details and for
(i%) FF ﬁ(pi V2E) the identification of the parameteksand \ in terms of the
P original parameters of the two-dimensional Hamiltonian.
wof 1 n _ _ There are essentially two independent parameters in the clas-
:f —5In t) e 't/ (pP=2B)~1 gy sical whisker map:, which shears the angle before it is
0 wrapped back to the domajf,2#), andk, which determines
) ) the jumps in actionl, simply translates in action space, and
We used MATHEMATICA to operate with the first few ¢ can be absorbed into a scaled action. In our numerical work
terms of Eq. (5) on ¢y,s, but with the I'((i/22)(p  cis taken to be 1.
+\2ENI((i/2h) (p—\2E)) replaced by A particularly interesting feature of this mapping, arising
1720 (p+ZEf{ (i128)(P=\ZE) At the expense of simplifying the from choosing an — ¢ surface of section at fixed slow angle,
differentiation operations we have complicated the resumiS that much occurs in just one iteration: in Fhe infinite time it
ming at each order ifi. We obtain, after much algebra, may takg to return to the surfacg of section erected at the
hyperbolic point of the slow variable pendulum, the fast
angle # may undergo an infinite number of oscillations. The

\% mi) dunit(P) slightest perturbation throws the system even after just one
dp iteration, since even the smallest perturbation can have a
=[V(X(p)+ %2y mi(P) + O(h3) dumi(P), large effect in the nearly infinite time it takes to come back
to the pendulum’s hyperbolic point.
(20) In this section we compute matrix elements of the quan-

tum and semiclassical one-step evolution operatdn the
where hy,i¢(p) is a long expressiota sum of about 50 angle and action bases. We note that in IREf] a full quan-
termg depending oV, , E, andp. 7*hyi¢(p) is the pertur-  tization in the action representation was given. Here our in-
bation which turns off the quantum phenomenon of barrieterest is in a semiclassical study where we find a remarkable
tunneling (to order #%): the semiclassical wave function classical phase-space structure. For example, in an angle rep-
S8 lives only on the right(left) side of the barrier and is resentation the infinite number of oscillations alluded to
an eigenstate oH —#%2h,,;; to order#2. In this sense the above gives rise to an infinite number of intersections of the
effect ofh,is is to suppress tunneling to the I¢fight) upto  relevant phase-space manifolds, which approach each other
order#2. We note that a complementary concept of turningexponentially closely in classical phase space. Semiclassi-
off above-barrier reflection was discussed in R6f. In Fig.  cally we know we must add the infinitely many contribu-
5 we plothy,is(p) for energyE=1.5 in the Eckart barrier tions; Quantum mechanics smears over structure below the
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scale of Planck’s constaht so the question might arise asto ~ The sum over domains may be transformed into a sum in
the relevance of all the terms, or whether they are semiclasaction space(Poisson’s summation formyta = ,e''2™"#
sically legitimate, well-separated stationary phase points. We= 2% 6(1 fjh). This yields the. qgantization rule fqr al- .
shall discuss these and other semiclassical issues shorthpwed actions and ensures periodic boundary conditions in
first, we discuss the full quantization in angle representatio@ngle. Inserting this into Eq24) would give an infinite sum-
and in action representation. over I-matrix elements of oscillating exponentials. To avoid
this divergence, we truncate the phase space to a finite cyl-
A. Quantization inder symmetric about, :

A “Hamiltonian” which gives rise to the whisker map is 0e[0.2m), le[—lctlolctlo).

The number of quantum states Ns=21./% which allows
+ 1) —kcoshY, s(t—nT). each state an area of Planck’s constairt phase space. The
n closure relation in action becomés- E}\‘f__,\l,,2|lj><lj| where
(22) lj=jh for example(or j%+integef). Finally, we replace

_ ) o : V1/(2mih) with A/(21;) as the normalization factor, and
Integrating the equations of motiond=dH/Jl, |= Jd1 with 43}, to obtain

—dH/d6 over a periodr yields the whisker mapEq. (21)].

As for any map, the choice of Hamiltonian is not unique. For
example, having the “potential” term acting first for a finite
fraction of periodT and then the “kinetic” term for the
remaining fraction also results in the whisker map equations. [t lo)fA]- B o

This nonuniqueness is not surprising considering that the X.:[(_IEH i expij (05— 6)—iN(j—1o/h)
map only “sees” the system once each period, and not in : oo

H=X(1—1,)

In

-1,

h\
K(ei ,t9f)= (7> elk cosb; It
c

between. The quantum evolution operator over one period c )
(Floquet operator U =T exp(~if¢H dt/%) (with 7 denoting X|In = +1] / h+ikcosfi/h), (29
positive time orderingis unique as we would expect: all
choices ofH give the operator where[ ]_ (4 rounds down(up) to the nearest integen
and 6, also take on quantized values: orly angle states
, may fit into 27, so each allowed state has support
U=exp(—i)\(l _Io)(ln = +1 / ﬁ)e'kcosm, integer< wfi/l .. Choosing states#, to be centered at

(23 pwhll. gives periodic boundary conditions in actidgiNote

that in Eqg.(25) and in any following equations, which does
where # and | are now of course quantum operators. Thenot appear as a subscript, ys-1.]
phasesv of the eigenvalueg '* of the unitary operatot) We observed in the classical map thgtacts only as a
are called quasienergies and are defined maedThe corre-  translation in action, shifting the entire phase space by a
sponding quasienergy eigenstates are also called Floque@nstant. Indeed, plays the same role here: if we rotate our
states. basis to[#)=e"'o?"| §), then the propagatdf(4;,6;) has

The quantum probability amplitude for being at angle  no |, dependence. The quantization changes sincedthe

after one iteration of the whisker map, having started;at  function is nows(I —1,—j#). |, is much like a gauge vari-
is given by the propagator able: any choice of, leads to the same quantum mechanics

providedthe basis is rotated.

/4

The propagator in action is
K(6,.60=3 (8+2mn|U]6) propag

1 K(lf,|i):<|f|ex4_i)\(|_|o)<|n
_ il (65— 6;+2mn) 1h

Xex;{—i)\(l—lo)(ln

+1

-1,

Xeik cos&/h||i>

h
waf /o A ST A
=1, ZICGX[{ IN(I IO)<|n|f_|o+1))
. 2(I¢/h)-1
+ik cosé; /% |, (24) x S exr{—iw(lf—li)pllc
p=0

where the sum ovaer is a sum over domains in angle result- wh

ing from taking mod 2zr in the map. We have used the clo- +ik co{ I ) / , (26)
sure relation [dI|I){I|=1 and the bracket (I|6) ¢

=exp(l o/h)/y2mih which follows from action and angle where we inserted the identity in the form of a complete set
being canonically conjugate variables with commutatorof angles in the middle of the factorized propagator. This
[0,1]=ih. result was also obtained in Rdfll]. Again, we see the
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K= 6; , 0r)
_ 1 [imch S e (0 o+ 2mm)i2ngil o0~ 0+ 2
IC 2)\ n=ng

% gik cost; /h(e—icxe*(”rﬂﬁzﬂn)“/ﬁ

B ieic)\e—(aﬁaiuﬂn)/x,h)

(28)

where the sum is over different domains in angle, arising
from taking mod 2r after the shearingWe note again the

FIG. 6. Classical one-time step evolution of the whisker map,gauge role ofl , is manifest: using the rotated basis as de-
A=10,k=2, andl,=0.5. (a) Initial distribution até=. (b) Initial  scribed in Sec. lll A thel, dependence in the propagator
distribution atl =1. drops out. The sum has a lower limit at

gauge nature of, : if we define[T)=|1—1,), thenl, drops
out of K(T;,T;) i.e., the propagator is the same for all gauge
choices provided we translate the bagif. the classical
case.

Ne= (29

(o)
% )\InE—(Gf—Gi) N

(where, as beford, ], rounds up to the closest integgethis
corresponds to the truncation of the cylinder in the action
coordinate. The two terms for eaalrepresent the two clas-
Semiclassical quantization of maps proceeds much liksical paths that have been sheared over to afgie27n
that of continuous time systems: amplitudes are expressed &sfore taking mod z: one with actions staying abovg,
the square root of a classical probability times an exponentignd one staying below,. The upper limit of the sum ex-
whose phase is the appropriate classical action. If more thaiends to infinity with the differences between the terms be-
one classical path links the two end points in question, then aoming exponentially small: in the phase-space picture, these
sum of such terms, one for each classical path, is neededontributions are at actions which converge together expo-
Pictorially, the one-step semiclassical propagator from amentially towardl,. In particular, there is an infinite number
initial state|i) to a final state|f) may be represented as of such contributions within a phase-space ared@he clas-
summing, with appropriate complex weights, the intersecsical paths they represent shear farther and farther each to a
tions of two manifolds in classical phase space: one is thélifferent domain in angle. At the same time the part of the
distribution corresponding t¢f), the other the distribution evolved manifold they lie on is becoming thinner and thinner
obtained by evolving the manifold of points corresponding toas it stretches out, which is reflected in the exponential decay
li) for one iteration. This yields a very interesting picture for of the Van Vleck prefactor in E¢28). Each term thus rep-
the whisker propagator in angle representafiBig. 6(a)]: resents a topologically distinct classical path, having tra-
there is an infinite number of intersections of the evolvedversed Zr in angle a different number of times, and is an
initial angle state with any final angle stai vertical ling.  independent and exponentially decreasing contribution to the
The | value of the intersections converge towdgd This  semiclassical amplitude. This is why the semiclassical sum
raises an interesting question for semiclassics: the full quarworks so well despite there being an infinite number of con-
tum mechanics smears over structure in phase space beldtibutions within an ared in classical phase space. More-
the level ofh, yet, within an slice of, there is an infinite  over, there are no caustics in the angle representation; the
number of semiclassical contributions to be summed. DoeBanifold in Fig. &a) is never tangent to an angle state. The
the quantum mechanics “see” them all? In fact, as we shalsemiclassical approximation is very good, as seen in Fig. 7,
see shortly, it does. where the quantum and semiclassical one-step propagators
One may compute the semiclassical angle propagatcire plotted.(One mild warning to the reader: diffraction at
from the type 1 classical generating functign: the cutoff introduced at large actions affects the quantum
sum over action matrix elements and the semiclassical sum

B. Semiclassical approximation

cc B -1 °F, i (0 09/ over angle domains in different ways. The consequence is
SEUNDEDY 2mih 36, 90, @D that they differ more in certain ranges of final angle than in
others)
Equation (28) can also be obtained from a stationary
where |;=—0dF(6,6,)/00; and |{=dF(6s,6;)/0; phase Fourier transform of the action integral in E24),

and the sum is over different classical paths that lihk
with ;. For the whisker map,Fi(6;,6;,)=1,(0:— 6;)
Fchexp(—(0;— 6,)/\)+kcosé,, where the two signs rep-
resent the classical paths above and belgwrespectively.
This gives

each stationary phase point being the classical action at a
given stationary phase point, or intersection in phase space.
We can also obtain a fully quantum propagator starting from
semiclassics, if we write the map as an involution of two
(noncommutingg mapsT =T, T, where
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FIG. 8. Normalized difference between quantum and semiclas-
" quantum o . - )
semiclassical sical propagatorfEq. (32)] as a function of ,(+). Also plotted is
-0«20 7't m the difference between the quantum and the semiclassical sum cut-
0 off within a value off of 1,(< ). Parameters are=10, k=2, and

. ) £=0.2. The cutoff in action is 20.
FIG. 7. Quantum and semiclassical one-step propagators for the

whisker mapA=10,k=2,1,=0.5,7%=0.2, andf;= .

KSC(I l)_ 1 1 1/4
T.: 60'=6, 1'=l—ksing, DT N 2isk . li—1,

2
(30) _( k )

To: 0'=60+NInc/(1—1p)|, I'=l.
X ex —i)\(lf—lo)(ln

If_lo

1)/

The semiclassical propagator for each individual map is ex-

act, since each map only changes either action or angle, not l—1.)2
both. To construct the angle propagator fowe compose X ex;{i/ﬁ k 1—( ! ')
the 6 to | propagator foiT; with thel to 6 propagator foiT ,: k

. l,—1:
C(000=3 [ a1y o avige sz, +<'f—'i>sml(%)}
n 27Tﬁ
(31 ;{ ( li—1i
+iexg —ilfilk 1—( )

The generating functions; andF, above are each bilinear K
in the mixed term, and the Van Vleck prefactor for each is L1
just 1; this is consistent with the semiclassical construction +(l¢—1;)sin"* #))D
so far, being exact. It is not difficult to calculate these and k
one exactly finds formuld24) which was derived purely ) ) o
quantum mechanically. Performing the sum over domains Finally, we consider a quantity independent of represen-
exactly as described there gives the quantum propaffatpr tatlop whlph shows the normalized difference between the
(25)], and performing thé integral by stationary phase gives Sémiclassical and quantum propagators,
the semiclassical equatid28).

We now turn to the semiclassical one-step action space EiTr(qu_USC)T(qu_USC)
propagator fronl; to I ;. Graphically, this is represented by TN
the intersection of the horizontélstate atl ; with the mani-
fo]q in Fig.. .6(b); the ma_nifold was obtained by evolving :i 2 2 IKI™(6;,6,)— K6, ,¢9j)|2, (32)
initial conditions with actionl; and evenly space angle for N T 9
one iteration of the whisker map. There are two ordinary
caustics in this representation due to the curving created byhereU9™ is the quantum evolution operator abd® would
k, and we expect that the action space semiclassics fails heree the evolution operator that gives the semiclassical propa-
When bothl; and |; are taken close td,, the manifold gator. In Fig. 8 we ploj as a function of ,, and notice that
stretches out, becoming almost parallel to an action statdéhe difference is very smallWe also plot the difference
dangerously resembling the supercaustic of Sec. Il. There theetween the quantum and the semiclassical sum cutoff
asymptotic tangency of the manifold with the representatiorwithin # of 1,, and find a larger difference—the contribu-
caused a harsh divergence in the semiclassics. However, heifens within# of |, are indeed importantNotice also the:
there is no problem for the semiclassics considering th@eriodicity with |,, as expected from its role as a gauge
“thickness” or weight of the manifold in this region, which parameter: it is clear from the amount of rotation or shift
is exponentially thin, cancelling the tangency effect. Theneeded to yield the same quantum mechanics for different
semiclassical action propagator is I,’s thatl,’s differing by A X (intege) are equivalent.
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IV. SUMMARY AND CONCLUSIONS In a sense the whisker map problem echoes the findings

several years earlier regarding chaotic systems, for which the

arr:nli:lrjlzjseg?/\?rircr:v :;ihﬁ\t/i;\?enz'ggrrﬁ?];nvohzzeseoge%jii?;g?jumber of semiclassical contributions grow exponentially
P 9 9 With time [12,13. There is no intrinsic error associated with

fr?e”éstr?#btlgﬁgzﬁ';ie ggsglz:lssi?: l;?erﬁ::::“sc’ageesrﬁgii;gcl)orlgeither a large number of terms in the semiclassical sum over
ymp gency P P tontributions, nor in the proximity of the distinct contribu-

a tangency which leads even the correct quantum amp“tUd.t(iaons in phase space. Rather, as always, it is the enclosed

to diverge. We showed that the semiclassical divergence Srea between successive contributiofebtained by follow-

cpmpletely wrong, bL.jt were able to uniformize the S.em'CIa.s'ing the manifolds in their intricate foldings from one inter-
sical amplitude in a time tested manner, by comparison with)

the local behavior of known potentials. We did not treat aIIseCtion to anothgrthat matters. In the chaotic case it was
; : : P ' shown[13] that even though the proliferation of caustics is
possible asymptotic forms; rather, we focused on those po-

tentials which decay exponentially at large distance. How—mdeed exponential, the increase in the time for which the

. . : - semiclassical result holds is a fractional power lawhjmot
ever, our techniques point the way to uniformizing other

asymptotic forms logarithmic in% as had been suggested. Here we have seen
The second case treated was quite different. The whisketpe appearance of anfinite number of terms in one iteration

i . ; . of the whisker map, and yet the semiclassical sum is accu-
map, treated semiclassically in angle space representation

has an infinite number of contributions converging in a smallrdte' In this case the validity of each term is due to its topo-

region of phase space. It was shown that in fact the sum ilsog|cal distinctness.

finite, and very close to the exact quantum amplitude. In an
action basis, a supercaustic seemed to arise, but the
asymptotic tangency with the higher branches of the mapped This research was supported by the National Science
manifolds was more than canceled by the exponential thinFoundation under Grant No. CHE-9610501, and through
ning of those manifolds. ITAMP at the Harvard-Smithsonian Center for Astrophysics.
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